BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE WHOLE 
SPACE: I, GLOBAL EXISTENCE FOR SOFT POTENTIAL 
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Abstract. It is known that the singularity in the non-cutoflf cross-section of the Boltzmann 
equation leads to the gain of regularity and gain of weight in the velocity variable. By 
defining and analyzing a non-isotropy norm which precisely captures the dissipation in 
the linearized collision operator, we first give a new and precise coercivity estimate for 
the non-cutoff Boltzmann equation for general physical cross sections. Then the Cauchy 
problem for the Boltzmann equation is considered in the framework of small perturbation 
of an equilibrium state. In this part, for the soft potential case in the sense that there is 
no positive power gain of weight in the coercivity estimate on the linearized operator, we 
derive some new functional estimates on the nonlinear collision operator. Together with the 
coercivity estimates, we prove the global existence of classical solutions for the Boltzmann 
equation in weighted Sobolev spaces. 
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1. Introduction 

This is the first part of a series of papers related to the inhomogeneous Boltzmann equa- 
tion without angular cut-off, in the whole space and for general physical cross-sections. 
This global project is a natural continuation of our previous study Q which was special- 
ized to Maxwellian type cross sections. 

In this part, we first establish an essential coercivity estimate of the linearized collision 
operator, in the framework of general cross sections. As shown in fT "81 for the special 
Maxwellian case, this estimate will play an important role for the related Cauchy problem. 

Based on this estimation, together with Part II ||9l, we will prove the global existence of 
classical non-negative solutions to the Boltzmann equation without angular cutoff, for the 
soft and hard potentials respectively, so that we are able to cover a general physical setting. 
Finally, in the paper ITOl . we will study the qualitative properties of solutions, that include 
full regularity, non-negativity, uniqueness and convergence rates to the equilibrium. This 
series of works establish a satisfactory theory on the well-posedness and full regularity of 
classical solutions. 

In our presentation, we consider the problem in the physical case with dimension 3. 
However, our results hold true for any dimension bigger than 2. 

Consider 

(1.1) /, + v-v,/ = e(/,/), /u = /„. 

Here, / - fit, x, v) is the density distribution function of particles, having position x e R^ 
and velocity v e M? at time t. The right hand side of ( 11.11 ) is the Boltzmann bilinear 
collision operator, which is given in the classical cr-representation by 



, /) = r r B (v - y. , cr) [g'J' - gj] dcrdv, , 

Jr3 Js- 



Qig 

where /; = f(t, x, v'J, f = /(f, x, v'), f, = f{t, x, v.), / = /(f, x, v\ and for (t e §^ 

, v + Vt |v-v,| , V + Vt |v'-v,| 

V = — z 1 z — cr, v^ = — — cr, 

2 2 2 2 

which gives the relation between the post and pre collisional velocities that follow from 
the conservation of momentum and kinetic energy. 

For monatomic gas, the non-negative cross section B{z, cr) depends only on |z| and the 
scalar product p: ■ cr. As in our previous works, we assume that it takes the form 

(1.2) B(v-v„cos0) ^<:>(\v-\\\)b(cos0), cos6>= ^ ~ '^' ■ cr, O<0<-, 

|v-v«| 2 

in which it contains a kinetic factor given by 

(D(|v-y.|) = (Dy(|v-v,|) = |v-v.r, 
and a factor related to the collision angle containing a singularity, 

bicos0) X K0-^-^' when 0^0+, 

for some constant K > 0. 

An important example of this singular cross section is the inverse power law potential 
p^'' with r > I, p being the distance between two interacting particles, in which s = - e 
]0,l[andy = 1 -4ie]-3,l[,cf. |12|. 

In the theory on the non-cutoff Boltzmann equation, the sign of j + 2s plays a crucial 
role. Hence, from now on, the case when j + 2s < is referred to the non-cutoff soft 
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potential, while the case j + 2s > to the non-cutoff hard potential. Note that this is 
different from the traditional classification on the index for the inverse power law. 

In our present series of works, the well-posedness theory established applies to the 
general cross-sections with y > -3 and < s < 1, that includes the inverse power law as a 
special example. Note that y > -3 is needed for the Boltzmann operator to be well-posed, 

cf. r4oi. 

Being concerned with a close to equilibrium framework, as in (|7], the setting of the 
problem can be formulated as follows. First of all, without loss of generality, consider the 
perturbation around a normalized Maxwellian distribution 

yu(v) - (In) 2e 2 , 
by setting f - /u + yfjlg. Since Qiji, i-i) - 0, we have 

Denote 

Then the linearized Boltzmann operator takes the form 

JLg^ Lig + Lig^ -T{ylp,g)-T{g, ^Ui). 
Now the original problem dl.lb is reduced to the Cauchy problem for the perturbation g 

?/ + V ■ v.,g + £g^ ng, g), f > , 



g\t=o - , 

This close to equilibrium framework is classical for the Boltzmann equation with an- 
gular cutoff, but much less is known for the Boltzmann equation without angular cutoff, 
though the spectrum of the linearized operator without angular cut-off was analyzed a long 
time ago by Pao in ||33]| . 

However, since the late 1990s, the regularizing effect on the solution, produced by the 
singularity of the cross-section, has become reachable by rigorous analysis. Let us mention 
the systematic work on the entropy dissipation method initiated by Alexandre 1 1] and de- 
veloped firstly by Lions ||26l , and then by many others, cf Il3l [39ll40l and references therein. 
Since then, various works have been done on deriving the coercivity estimates in different 
settings and in different norms for different purposes. In particular, this kind of coercivity 
estimates has displayed some non-isotropic property in the very loose sense that, on one 
hand one gets a gain of the regularity in Sobolev norm of fractional order; and on the other 
hand, one also get a gain the moment to some fractional power in the velocity variable, cf. 
Il2l|3l|5]|6l|7l[l6l|21]|22l|2l|31]|32l|38l[3940|and references therein. Furthermore, these 
coercivity estimates have been proven to be very useful in getting the global existence and 
gain of full regularity in all variables for the Boltzmann equation without angular cutoff, 
as shown in our previous work \1\. For details about the recent progress in some of the 
directions mentionned previously, readers are referred to the survey paper by Alexandre, 

m. 

Since the coercivity estimate plays an important role in the study on the angular non- 
cutoff Boltzmann equation, such estimate in terms of the indices y and s, has been pursued 
by many people. One of the purposes of this paper is to present a precise estimate that gives 
the essential properties of this singular behavior, that will be stated in the next theorem. Let 
us note that this result is proved in a general setting and it improves on previous results, 
such as those obtained in ll5] 161171 [3Tl[32l . And this estimate will be used herein and in our 
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papers ^ (TO) on the global existence in the hard potential case, and quahtative study of 
solutions. 

To derive the desired coercivity estimate, we generalize the non-isotropic norm intro- 
duced in [7] as 



+ ^<l>(|v-y.|)Z7(cos%2(^ -^)\ 



where the integration is over Rj x Rj x 55'^. Note that it is a norm with respect to the 
velocity variable v e R^ only. We can compare this non-isotropic norm with classical 
weighted Sobolev norms, see precisely Proposition |2.1| 

The introduction of this norm was motivated by the study on the Landau equation which 
can be viewed as the grazing limit of the Boltzmann equation. It is known that for the 
Landau equation, see for example |19|, that the essential norm in order to capture the 
dissipation of the linearized Landau operator can be defined just as the Dirichlet form of the 
linearized operator By doing so, a norm can be well defined without loss of any dissipative 
information in the operator and this can be done directly for the Landau equation mainly 
because the corresponding Landau operator is a differential operator However, for the 
Boltzmann equation without angular cutoff, the collision operator is a singular integral 
operator so that a direct analog is not obvious or feasible. Therefore, in the first part 
of this paper, we analyze the properties of the non-isotropic norm and obtain the precise 
coercivity estimate of the linearized collision operator. At this point, let us mention the 
different approach undertaken by Gressman-Strain 11211 122|| . 

We shall use the following standard weighted Sobolev space defined, for k,{ eR, as 

H'^ = H'^(M^,) = {/ e S'iRl); Wtf e h\r])] 

and 

H<l{Rl,) = {/ € S'{R%)- Wff e //*(Rt,)) 

where We(v) - {vY = (1 + |vp)^^^ is always the weight for v variables. Herein, (■, Ol^ - 
(•, OlzcrS) denotes the usual scalar product in L^ - l}{R?) for v variables. Recall that 
L] = H^. 

We shall use also in the following two different Sobolev spaces, one with jc-derivatives 
only, another one with x, v derivatives and weight in the velocity variable v. For k eN, £ e 
R, let 

\a\+\l3\<N 

<H*(R^) = {/ e S'{R%) ■ ll/IL^,^^,, = Y. m-vsid-^fWl^^^,, < +- } , 

\a\+l/3l<N 

where We = (1 + |v|2)k+r/2K/2^ 

We recall that the linearized operator X. has the following null space, which is spanned 
by the set of collision invariants: 

N = Span { -y^ , Vi -y^ , V2 -07 , V'3 -y^ , I v|- -y^ } , 

that is, (Zg, g)^,^jj.3j = if and only if g e N. 
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Theorem 1.1. Assume that the cross-section satisfies (11.21 ) with < 5 < 1 and y > -3. 
Then there exist two generic constants Ci , C2 > such that for any suitable function g 



c,\m-'P)gt<[tg,g) <C2 



where P is the 1?' -orthogonal projection onto the null space N. 

This coercivity estimate of the linearized collisional operator will prove to be crucial for 
the global existence of classical solutions to the Boltzmann equation. For this purpose, the 
analysis on the nonlinear operator is necessary, and we prove the following upper bound 
estimate. 

Theorem 1.2. For all Q < s < \, assume that y > max{-3, -| - 2s]. Then, one has, 

\{T{f,g),h)^\<^\f\y \\\g\\\ + \\g\y Ill/Ill 

' -^ I V s+yl2 s+yl2 

+ min{||/||i.||g||^.^^^^,||/||^.^^J|glb}}|||/i|||, 
for suitable functions f,g,h. 

We will then concentrate on the global existence of solutions, both weak and strong, for 
the non-cutoff soft potential case in the framework of small perturbation of an equilibrium 
state. Even though some estimates hold for the general case and will be used in the forth- 
coming papers, the condition y + 2s <Q will be imposed in the main existence results. In 
the Part II ||9l, we will then present the global existence theory for the hard potential case, 
that is, the condition y + 2s > imposed. Furthermore, the qualitative behavior of the 
solutions, such as the uniqueness, non-negativity, regularity and convergence rate to the 
equilibrium will be investigated in 1 10|. Note that both the global existence and the qual- 
itative study on the solution behavior were firstly investigated in |7| for the Maxwellian 
molecule case where a generalized uncertainty principle obtained in |5 1 was used. 

We begin with a local existence of classical solutions that holds true in general case. 

Theorem 1.3. Assume that the cross-section satisfies ( ll.2l i with y + 2s<Q,0<s<\ and 
y > —3. Let N > 6 and ( > N. For a small e > 0, ifllgoWfi/^md) ^ £> then there exists T > 
such that the Cauchy problem (ll.3l l admits a solution 

geL'^([0,T];'H^(R^)). 

Since we are interested in getting global existence results, the next statement deals with 
this issue asking only for control of x derivatives. 

Theorem 1.4. Assume that the cross-section satisfies (ll.2l l with y + 2s < 0, < s < I and 
y > max{-3, -^ - 2s}. Let N > 3. For a small s > 0, if \\go\\H'^(B?;L^(v?:)) ^ ^^ then the 
Cauchy problem ( 11.31 ) admits a global solution 

g e L'-{[0,+^[- H''{Rl-L\^l))). 

The above global existence result is in a non-weighted function space without v deriva- 
tives in the framework of weak solutions. On the other hand, we will prove the following 
global existence result on classical solutions for which the proof is more involved. Note 
that for the qualitative study on the solution behavior, such as the regularity as will be 
shown in IJOJ , solutions in a function space with x and v derivatives together with weight 
in V are needed. Hence, the next theorem also serves for this purpose. 
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Theorem 1.5. Assume that the cross-section satisfies (ll.2l l with j + 2s<Q,0<s<\ and 
y > max{-3, -| - 2s]. Let N > 6, t > N. For a small e > 0, ifWgoW'fifmf.^ < s, then the 
Cauchy problem (11.31 ) admits a global solution 

^eL°°([0,+oo[; •Hf(R<')). 

Let us now review some related works on this topic. First of all, the well-posedness 
theory for the Boltzmann equation has now been well established under the Grad's angular 
cutoff assumption. Under this assumption, there exist basically three frameworks of exis- 
tence of global solutions. The first one was initiated by Grad 1 1 8 1 and firstly completed by 
Ukai 1 35 36 38 1 in the framework of weighted LJ" function space for small perturbation 
of an equilibrium, where the spectrum analysis was used through a bootstrap argument. An 
important progress on the existence theory is the introduction of the renormalized solutions 
for large perturbation in the framework of L' function space by DiPerna-Lions lfT7ll25l . 
where the velocity averaging lemma plays a key role. Recently, solutions in L^ framework 
were established by macro-micro decompositions and energy method for small perturba- 
tion of an equilibrium, cf |[T9l|20||27l|28|. 

However, without Grad's angular cutoff assumption, the established mathematical theo- 
ries are far less. In this direction, the spectral analysis of the linearized collisional operator 
was studied by Pao |33|. In 1990's, some simplified models, such as Kac's model and 
the Boltzmann equation in lower dimensions with symmetry, were successfully studied, 
||T31 fT4l [TSl . In 2000's, the mathematical theory for the spatially homogeneous Boltzmann 
equation was satisfactorily solved, f 3] |4l [16] |24] |29 30 1. For the original Boltzmann equa- 
tion in physical space, in the framework of renormalized solutions, the only existing result 
can be found in Ull where the basic existence result is still lacking. There are some local 
existence results, ||T][37l, see also the reviews Il2l l40l . 

Since 2006, we have been working on the original Boltzmann equation without angular 
cutoff, cf. f5^'6^'7l. Based on a new generalized uncertainty principle proved in [5|, we 
developed a new approach for the regularity study. In the framework of small perturbation 
of an equilibrium in the whole space, the first complete global well-posedness theory and 
regularity were established for the Maxwellian molecule case 17|. As a continuation of 
these works, we successfully solve, in this series of papers, the fundamental problems, that 
is, existence, uniqueness, regularity, non-negativity and convergence rates of solutions, 
so that a complete and satisfactory mathematical theory is now established under some 
minimal regularity requirement on the initial data. Through this analysis, mathematical 
tools and techniques from harmonic analysis are used and some new ones are introduced, 
such as the generalized uncertainty principle and the above non-isotropic norm. Here we 
would like to mention that recently by using a different method, an existence result on 
solutions in the torus case was obtained in 11211 l22l |231 . 

Finally, we present the main strategy of analysis in this paper Based on the essential co- 
ercivity estimate on the linearized collisional operator and the non-isotropic norm proven 
in a first step, what is needed in this paper is then the detailed analysis on the collisional op- 
erator in both unweighted and weighted spaces, where its upper bounds, commutators with 
differentiation in v and commutators with weights in v are given. Through this analysis, we 
can see the role played by the parameters y and s in the cross section. With these estimates, 
the energy method can be applied through the macro-micro decomposition analysis intro- 
duced in IIT9II20I . Basically, the microscopic component of the solution is controlled by 
the essential coercivity estimate on the linearized collisional operator in the non-isotropic 
norm, while the dissipation on the macroscopic component is recovered by the system on 
the fluid functions through the macro-micro decomposition. Then the nonlinear terms are 
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essentially of higher order in the non-isotropic norm so that the energy estimate can be 
closed in the framework of small perturbation. 

The rest of the paper is arranged as follows. In the next section, we extend the definition 
of the non-isotropic norm introduced in [7J and then state the main estimates in this paper. 
The proof of the upper and lower bound estimates of the non-isotropic norm will be given 
in Section 3. In Section 4, we will prove the equivalence of the Dirichlet form of the 
linearized collison operator and the square of the non-isotropic norm. The equivalence of 
the non-isotropic norms with different kinetic factors and different weights will be shown 
in Section 5. An upper bound estimate on the nonlinear collision operator which is useful 
for the well-posedness theory for the Boltzmann equation will be given next. However, 
because of unnecessary restrictions on the values of the parameter y, we shall amplify 
such estimations and obtain some new functional estimates in v variable only in another 
Section. The functional estimates in both v and x variables are given in Section HI With 
these estimates, the local and global existence of both weak and classical solutions are 
given in the last two sections respectively. 

Notations: Herein, letters f,g,--- stand for various suitable functions, while C, c,- ■ ■ 
stand for various numerical constants, independent from functions f,g,--- and which may 
vary from line to line. Notation A < B means that there exists a constant C such that 
A < CB, and similarly for A > B. While A ~ B means that there exist two generic 
constants Ci, C2 > such that 

CiA < B< C2A. 

2. NON-ISOTROPIC NORM AND ESTIMATES OF LINEARIZED COLLISION OPERATORS 

For later use, we will need to compare the original cross-section with the situation when 
its kinetic part is mollified. That is, for the function ^(z) appearing in the cross-section, 
we denote by <i>(z) = (1 -1- |zp)^ its smoothed version. To show the dependence of the 
estimates on the mollified or non-mollified kinetic factor in the cross-session, we will use 
the notations g* and 6* to denote the Boltzmann coUisional operator when the kinetic 
part is €> and O respectively. In particular, Q = Q'^. This upper-script will be also used for 
other operators as well. 

First of all, let us recall that 

{£g, 4, - -{T'(^/Jl,g) + Tig, ^IJl), g)^^ > , 
and the definition of the non-isotropic norm 



(2.1) |||g|||'= III <b(\v-vSb(cos9)fiUg'-8f 



Iff'''- 



where the integration is over R.^ x Rj^ x SS^.. 

The following proposition gives a precise version of Theorem ll.il 

Proposition 2.1. Assume that the cross-section satisfies ( I-/.2I ) with < s < I and y > -3. 
Then there exist two generic constants Ci , C2 > such that 

Cx\\\(\-V)gt < [Lg, ^2 ^ 2(^1^, g)^^ < C2\\\gt 
for any suitable function g. 



8 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 

Concerning the lower and upper bounds of the non-isotropic norm we have 

Proposition 2.2. Assume that the cross-section satisfies f li.2l ) with < s < \ and y > —3. 
Then there exist two generic constants Ci , C2 > such that 

cAwgwl. +\\8\\l2 1< infill' <c2|i§iIh- 

l r/2 1+7/2 J s+r/2 

for any suitable function g. 

^From this estimate and Theorem 11.11 we can get the following estimate in classical 
weighted Sobolev spaces 

(2.2) Ci{||(I-P)g||^. +\\(l-F)g\\l, ]<(£g,g)^^<C2\\g\\l. . 

In the following, we will use the lower script O on the non-isotropic norm, and so use 
the notation IHglllo if we need to specify its dependence on the kinetic factor O. Notations 
jf, Jf will be also used for the same purpose. 

Part of the proof on the lower bound of the non-isotropic norm given in Proposition l2.2l 
is essentially due to the following equivalence relations. 



Proposition 2.3. Assume that the cross-section satisfies A1.2i with < .? < 1 and y > —3. 
Then we have 



Concerning the dependence on the index y in Oy = |v' - v,|'', we have 



Proposition 2.4. Assume that the cross-section satisfies M.2[ with < s < I and y > —3. 
Then for any /3 > —3, we have 



(,)(r-«/2^ 



llo«- 



2.1. Bounds on tlie non-isotropic norm. This section is devoted to the proof of Proposi- 
tion 122] We will often use the following elementary estimate stated in velocity dimension 
«, since it will be needed for both cases n - 2 and n - 3. 

Lemma 2.5. Let the velocity dimension be n, n e M, p > 0,6 € M. and let Hp,s{u) — 
{u)^ e-P\''^ for u e R". If a > -n and p e R, then we have 



(2.3) M«)= \wr{wfnp,s{w + u)dw~{ur^l'. 

Jr« 

Proof. Since we have 

{uf{u + w)"^i < {wf < {uf{u H- wf\ 

it suffices to show ( 12.3b with y6 = 0, by taking /ip,,5±^s| instead of fj.pg. Taking into account 
the fact that a > -n, this estimate is obvious when |m| < 1. If \u\ > 1, then we have 

/„,o(m) > 4-I"I<m)'' r fip,s(u + w)dw>{uy, 

J(|h+b'|<I/2) 

because |m -H w| < 1/2 impHes that 4"'<m) < |vv| < 4<m). Noticing that 2\w\ > (w) if |vv| > 1, 
we have 

Ia,o(u) <(mcixiUp^s(u-\-wy\ I Iwrc/w -I- 2'""' I {w}" jdp^siu + w)dw 

l"'l^' ' J||vv|<l) ->'(|u1>l| 

< [{uf^e-P^"^''^ + {uT ^ {u + wf^ipju + w)dw) < {u)" . 
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And this completes the proof of the lemma. 

D 

Recall from ( 12.1b that the non-isotropic norm contains two parts, denoted by 7i and J2 
respectively. The estimation on each part will be given in the following subsections. We 
start with the estimation on J2 because the analysis is easier. 

Let us start with the following upper bound on Ji- 



Lemma 2.6. Under the same assumptions as in Theorem \l.l\ we have 

h := ^Mcos0)O(|v- v.|)gj(^ - ^ fdvdv^da < \\g\\],^^^^ . 
Proof. Note that 

J2 < 2 fffmiv - vA)8l{l^''^'-l^'^'f{n"''+f^''')dvdv.da 

^fffb\v' - v,rgj(/."^^ - ^^'"f^^"''dvdv,d^ 

+ fff b\v -V,\ygl{l,"'' - l,''')\''^dvdvJcT 

^Fi + F2 . 
By the regular change of variables v — > v', we have 

Fi< ff \v' - v,\'>'[ f b(cos0)mm{\v' -v,\^d^,l)do-)glij'^'^dv'dv. 



where we have used Lemma 1231 in the case « = 3 to get the last inequality. A direct 
estimation show thats the same bound holds true for F2- And this completes the proof of 
the lemma. n 

Remark 2.7. Note that the above lemma holds even if<i) is replaced by O by using Lemma 

123] 



We now turn to the lower bound for 72- 

Lemma 2.8. Under the assumptions ( 11.21 ) with y > —3, there exists a constant C > such 
that 

J2 := ffj b(cosem\v - v,\)gli ^^ - ^ fdvdv^dcr > C\\gt^^^^^^. 

Proof. We will apply the argument used in ||39l . By shifting to the w-representation, 

v' = V — ((v - V,) ■ (jS)u) v' = V + ((v — V,) ■ co)u) , (jd e SS , 
in view of the change of variables (v, v*) — > (v», v), we get, 

72=4 III b(cos0)sm(0/2)<^(\v - v,\)g\^/j4 - y[iZfdvdv,da), 

because dcr - 4 sm{0l2)d(jj. Then, we use the Carleman representation. The idea of 
this representation is to replace the set of variables (v, v,,w) by the set (v, v', v'J. Here, 
V, v' e R^ and v'^ 6 En,t, where £,,1' is the hyperplane passing through v and orthogonal to 
V — v' . By using the formula 

dv'^dv' 
dv,da> - 



|v-vf 
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cf. page 347 of 11391 . and by taking the change of variables 

(v, v', v[) — > (v, V + h, V + y), 

with h e R^ and y e Ei,, where £/, is the hyperplane orthogonal to h passing through the 
origin in R^, we have 

,|l+2.!+y 



r r r \y\^-^-^n 

JM Jr? Jye£jn||y|>|/i|| l"l 



/ I I ^2 dhdy 

X ( Va'Cv + y) - ^J^liv + y + h)) dv-—r- , 

W 

because 

\h\ = |v' - y| = |v: - v| tan ^ = |y| tan ^, Be [0, 7r/2] , 

^(cos6')sm(6'/2)<D(|v- V.I) ■ l(|,/_,.|>|i,-_,.|) . 

y — y' i^^^ 

We decompose y = yi + V2, where V2 is the orthogonal projection of y on £/,. Since 
yL( is invariant by rotation, we may assume y = (0,0, \v\) without loss of generality. By 
introducing the polar coordinates 

h - (psin)?cos0,psin)5'sin0,pcosj?) ,-d- € [0,7r], 4> 6 [0,2;7r],p > 0, 

we obtain |yi | = |y|| cos )?|, \v] + /i| = | |y| cos d- + p\ and \v2\ - \v\ sin §. Note that if < )? < 
jt/2, then 

( V/^(v' + y) - y/l^iv + y + h) f = ju(y2 + 3')( VM^ - yf/My^Th) f 

> M(v2+yMviXl - e-P-l^fl{27:fl\ 
Therefore, we have for any 6 > Q 

(yfiK^ - yj^livi + h) f 



h>c 






|3+2j 



:( r \y\'^^'^yii(v2+y)dy\dh\dv 

Jve£,,n||v|>|A|l 

-;r/2 ( ^,5 (-J _ g-p-/4)2 



>c r g(y)2{ f" Mvi) r 

Jr; J;r/2-l/<r> \JQ 



„1+2j 



x( r \y\'^^'^^ii{v2+y)dy 

JyeE^ 

- f \y\^^^'^^niv2 +y)dy)dp] sin Md]dv. 

Since we have 

r \y\'^^-'^^i2(v2+y)dy<6^-' f \y\'^^fi(v2+y)dy, if p<6, 

JyeEi,n{\y\<p\ JyeE,, 

and it follows from Lemma l23] in the case n - 2, that 

r \yf p(v2 + y)dy ~ {V2f if /3> -2, 

JveEi, 
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there exist two constants Ci, C2 > such that if p < 6, we have 

JyeE,, Jye£,,n||v|<p) 

Taking a sufficiently small 6 > gives 

J2>C f g(v)H f fl(vi) 



{V2y+^'^^ sin &d&\dv 



n/2-l/(v) 

^ (1 _ e-p'l^f ^ 
^2^ ^P 



f 

Jo 

J^l Jnll-lUv) 



-;r/2 
T/2-I/<.'> 



The proof of the lemma is now completed. n 

Remark 2.9. In the above proof, the factor \y\''' can be replaced by {yY , so that Lemma \2^ 
is valid even if(t> is replaced by ^ — {v — v»)^. By the above lemma together with Lemma 
\2.6\ and the Remark after it, we can conclude 

2 
j+7/2 



(2.4) Jf ~ \\g\\l, ~ Jf 



We now turn to the estimation of the first term of the non-isotropic norm, that is, J\ . 
We will firstly show that the singular behavior of the cross-section when v — v» can be 
smoothed out. This point is given by the following proposition. 



Proposition 2.10. Under the same assumption as in Theorem \l.l\ we have 

Jf + 11^11^2 ~jf + \\g\\l2 . 

^s+y/2 i+r/2 

Remark 2.11. This proposition is nothing but Proposition \2.3\ by Remark \2^ 



Proof. By using similar arguments as in the proof of Lemma l278l it follows from the Car- 
leman representation that 

■^^^ f f r ^4JITI^^'('''>(siy + y) -8(v + y + h)fdv^ 

MjRlJyeEi,n\\y\>\h\} \hV W^ 

= 1/11+2, l^(v+y)igiv) -g(v + h)) dv—-^, 



where the last equality is a direct consequence of the change of variables (v+y, y) — > (v, -y). 
Similarly, we have 



■^f^f r r '^'i-iiiy ^^^' + y'^^siv +h) - g(v) fdv 



dhdy 



i||>.|>|/,|| '" ""'^ 
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We claim that 

Ei,n{\y\<\h\] 



■5) [ [ [ ^^r^i^(v + y)i8iv + h) -g(v)fdv- 

JrJ. Jr? JvE£,,n|iyi<|A|i l«r 



|/2|2 



< 11^11^2 

t+7/2 



jRl jRl JyeEi,n{\y\<\h\) l«l l«l 

< 11^11^2 . 

Note carefully that the integration in these estimates is performed for "large" values of h. 

Once we admit those estimates, to conclude the proof of the lemma, it suffices to show 
that 



JyeEi, Jyi 



\y\'^^\yyfiiv + y)dy^G{v,h). 

eEi, 



We decompose v = vi + V2, where V2 is the orthogonal projection of v on £/,. Then we have 
yu(v + y) = yu(vi )ju(v2 + y), whence it follows from Lemma |23] together with I +2s + j > -2 
that 

It remains to show (12.5b and (12.6b . We write 



[ [ [ 

JrI JrI ^ye£/,n(|v|<|/i|l 



— 2^^(y + y)(g(v + h) - g(v) ) dv-— 



f f + [ [ [ =Ai+A2. 

I J||/!|<1| Jve£,,n||v|<|/!|1 Jr'. J(|/!|>1| Jve£(,n||v|<|/?|| 

Take a small S > such that j - S > -3. Then, in view of 1 + y - 5 > -2, we have 

^ f fi(vi) f (f \y\'^y-^f,(v2+y)dy){g(v + h) -g(v)f-^^dv 
< r A'(vi)(v2)'^^-' r ig(v + h) -g(v)f-^dv 

jRl J{\h\<l) l«l 



:|<1| 

2 dh 



f f Uvi - h) + fi(vi)Yv2y^^-'\g(v)\ 

JRi Jl|/i|<i| 



■dv , 



where we have used the change of variables v + /i — » v for the factor ^(v + h). As in the 
proof of Lemma l278l by assuming v - (0, 0, | v|), we introduce the polar coordinates 

h = (p sin I? cos 0, p sin J? sin 0, p cos §) ,-& e [Q,n], (p e [0, 2jt] , p > . 

Since | v'l | = |v|| cos §\, |vi - h\ - \ \v\ cos J? - p| and |v2| = | v| sin §, by using the change of 
varible Ivl cos )? = r, we obtain 



^.sL.kMfX'?^ 



l(l + |„|2_,2)<i*y-» 



(x::^ 



(e-k-pP/2 + gV/2y K^^^, ^ 



|v| V ^ / 
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Similarly, if 1 + 2s - 6 > I, then we have 



If I + y + 2s - 6 > 0, then 

•J -\v\ 



dhdy 



.|2 



< (v)(>'+2.'-<5)/2 

which shows 

(2.7) A2< { \g{vf rB^dpdv< [{vy^'-%{v)fdv. 



M4 f ^dpd. < I (.y^-^\g(4 



On the Other hand, if I + y + 2s - 6 < and |v| > 3, then 

Jo |v| ^ ^ 



< |^,|(-l+y+2i-5)/2 






J|vi/2 



because 

H"|/2 



]| (I Vl - .)<'-^^-^'^^.-i^iV2,, < |,|(....2.-.)/2 jl"- ^-,P/2,, 

r'"' / \' 

|v|-r 

-'lrl/2 



-M^/« ('"'(u-A''^'''''-'''' 



dr, 

1/2 ■ 

where we have used that (1 + j + 2s - 6)/2 > -1 for small S > that follows from the 
assumption y > -3. We now consider 






I\v\l2 
Hi'l 



Jm/2' -'(k-pl<V2iogMI 

< (|v|(i+r+2.-^)/2 ^l2i^\ + |^,|(i+y+2.,-^)/2-) < ^^^(i+r+2.0/2 
Therefore, in the case when 1 +j + 2s-6<Q,we also have (12. 7t . Similarly, we have 
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-1 

A, < ' ' 



J8(4 I ^dpdv< J (v}y-'-^\8(4dv. 



which shows (12.5b . The proof of ( 12.61 ) is similar, and thus the proof of the proposition is 
completed. 

□ 

Lemma 2.12. There exist constants Ci, C2 > such that 

(2.8) /i>Ci|Ky//2^||^,-C2||g||^, . 

1+7/2 

The same conclusion holds even with jd replaced by ff for any fixed p > 0. 
Proof. It follows from Proposition l2. 101 that 

Cij'^ + WgWl )>2jf 

^ S+J-/2' 

(2.9) > jjj bicose)-^^ {{v'y'-g' - {vy'^gfdcrdvdv, 

- 2 jjjbicos 0)-i^(<v)''/2 - {v'y'^flgl^dcTdvdv^ 
= Ai +A2, 
because (5(|v - v.|) ~ <v' - v,y > -^-^ and 2(a + bf > a^ - 2b^. Setting g = {vy'^-g and 



noting Cy/i(v)(v)"'''' > /i(2v) for a Cy > 0, as in Proposition 1 of |3|, we have 



CyAi> I I W- *- ■ crW2v',)(|(v) - |(v')) dcrdvtdv 

^(Ak)-' f f b{^ ■ o-)[fimi{^)f + fimiitt 

Jr3Js2 N?I '' 

-27;e//(r/2)|(^^)|(^)}fl'crfl'^ 

io^ I '^^^^'1X^(1 • -)(/^(0)-|/i(r/2)l)^cr}.^ 



" 2(47! 

Since we have fi(0) - IA(r/2)l = c(l - e-l^"!'/**) > c'l^P if in ^ 1, in view of irP = 
I^P sin^ 6/2 > \^\'^(e/nf, we obtain for |^| > 1 

f b{^ ■ o-)(fi(0) - \fi{n\)d^ > r ^meb{co^em\()infde 

Jo 

= c"/:|f |2|^|2-2/(2 - 2.). 

Therefore, we have 

(2.10) Ai>C, r |^P||(^)pJ^>Ci2-2' r (1 + |^|2)^||(^)|2j^ 

>ca-'%{vy^h\\l,^.,-cA\{vyih\\l,^.y 

As for A2, we note that if Vj - v' + t(v - v') for r e [0, 1], then 

(v> < (v - V.) + (v.) < V2(vv - V,) + <v.) < (1 + V2)(vv)<v.), 
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and <Vt> < (1 + V2)<v)<v.), which show {vrf < C^<v/<v.)^' for any p e R. It follows that 

' ' Jo 

<c;(<v/''/2-'V.)"'^'-'')(v-v,)0, 

and thus we have 



.;r/2 



J<..- 






which together with ( 12.101 1 yields the desired estimate ( I2.8l l. The last estimate of the lemma 
is obvious by replacing /i by pP in each step of the above arguments, so that the proof of 
the lemma is completed. n 

Lemma 123] together with Lemma l2.12l implies that we have the following lower bound 
on the non-isotropic norm, 

infill' > (ll^ll^.. +11^11^. ). 

^ yP- i+r/2' 

Therefore, to complete the proof of Proposition l2.2l it remains to show 
Lemma 2.13. Let y > -3. Then we have 

".,+7/2 i+r/2 

The same conclusion holds even if fi in Ji is replaced by jJ^ for any fixed p > 0. 

Proof. As for Lemma 12.121 it follows from Proposition 12.101 that, for suitable constants 
C\,C2 > 0, we have 

Cijf-C2\\g\\l2 <jf 

s+r/2 

(2.11) <2 fff b(cose)ti,{vJ'^^[{v'y'^g' - {vy'^gfdo-dvdv, 

+ 2 fffbicos9)p,{vJ^^[{vy'^ - {v'y'^f\g\^do-dvdv, 
= Bi + B2, 

because $(|v - v.|) ~ <v' - v./ < <v'/<v.)'^' and (a + bf < 2(a^ + b^). 

By the same argument for A2 in the proof of Lemma l2.12l we get B2 < WgWr^ 

.5+y/2 

To estimate B\, we apply Theorem 2.1 of |"6| about the upper bound on the collision 
operator in the Maxwellian molecule case. It follows from (2.1.9) of L6J with (m,a) - 
(-s,-s) that 



|(e*''(F,G),G)|<||F||^>^^j|G||^j. 
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Since 2a{b - a) - -{b - a)~ + (a^ - b^), we get 

(e*°(F, G), G) = ^^^bF,G{G' - G) 

= -i///..,c'-c,'4//.,c.'-c^). 

and therefore 

I ^^^bFAG' - Gf\ < 2\[q'^°(F,G),g)\ + | ffp^iG'^ - G^)\ 

^\\FhJG\\l.,+\\F\y\\G\\l,, 

where we have used the cancellation lemma from [3] for the second term. Choosing F - 
yL((v)'''' and G - {vY^^g, it follows that B\ < ||^||L , completing the proof of the lemma. 

D 

2.2. Equivalence to the linearized operator. We will now show that the Dirichlet form 
of the linearized collision operator is equivalent to the square of the non-isotropic norm, 
and therefore, the proof of Proposition 12 . 1 1 will be given. Let us note that for the bilinear 
operator r( ■, ■ ), for suitable functions /, g, one has 

(r(/, g), h]^^ = JJJ^ /7(cos0)O(|v - vA)^u^.{f:g' - f.g)h 

b(cos 0)O(|v - V.I) ^ if.g - flg'W , 

and by adding these two lines, it follows that 

(2.12) (r(/, g), h)^^ = i JJj b(cos0)<i(\v - vA)[f:g' - f,g){ ^l^h - 4ilh') . 

The following lemma shows that £.\ dominates £.. 

Lemma 2.14. Under the conditions (11.2b on the cross-section with Q < s < \ and y € R, 
we have 

(2-13) (Xig,4>i(£g,4. 

Proof. By standard changes of variables, the following computations hold true 

(x,g,4 = -(r(^,g),4 

= \ ffJBilv - y,|,cos0)((K)'^V - (ti.y'hfdvjcrdv 
= \ jJJB(\v-v,\, cos e){(p'y'^g: - (My'^g,fdv,dcrdv 
^^fffB{\v-v4, cos 6) 



-ffp 
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and 

{■^8, 4, - -(r( ^,g) + r(^, ^), 4^^^3^ 

= J]Jb((a':)'^v - (A'.)'^^^ +^:(/)'^^ - 8.(f.f%:y''g' 

Therefore, ( |2.13t follows from (a + /5)^ < 2(a^ + 0^) and the proof is completed. n 

Now for the term £.2, we have 
Lemma 2.15. One has 

Proof. It follows from ( I2.12l i that 

{z2{g\h)^,^-\^^^B{g:^-g.^){^^h- v^/z') 

that is, X2 is symmetric. Hence it suffices to show the lemma in the case when g - h. 
Putting G - yfjig, we have 

^^-^'^ rrMcos6>)(D(|v-v.|)G',(;u' -fi)dv,d(r 

+ ^/Jl jf b(cos0)<S>(\v - v,\)[g', - G,)dv,d(T 

=/l(v) + /2(v). 

Thanks to the cancellation lemma, we have /2(v) = -y//i(v)(5 * G)(v) with S(v) ~ |v|^, 
whence we have 

(2.14) |(/2,^)l^| < j J \v-v^y^JJi^|^iMgAdvdv, 

< r r |v - vAy[{^ll'^^'l'gf + {^^'l'^^\l\.f]dvdv. 

%Jv *Jv^ 

< \Kvy^i'''g\\l2 < \\^'"g\\l. , 

by means of Lemma l23] 
Writing 
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and using ^/j7]Z = ^/^^^ , we have 

/i(v) = jjbicos 0)<D(|v - vA)g:{ ^ + ^^) ( ^ - y[Ji)dv,dcr. 



Hence 

(/i, g)^, ^ ffj b(cos6)0(\v-vA)g:{^/^^ - V^) (>^- ^/^i)8dvdv,da■ 

+ 2 III Kcos6»)<D(|v-v,|)G,(^ - ^[^?)g'dvdv,dcr 

=Ai +A2, 

where we have used the change of variables (v, v.) — > (v', v^ for the second term. We can 
write 

x{tij" +i,':''){M''"+M"')d^dvdv.. 

Since we have 

|v:|2<(|y:-v'| + |v'|)2<(V2|y,-v'| + |v'|)' 

< ( V2|v»| + ( V2 + l)|v'|)^ < 4|v/ + 2( V2 + l)Vf , 

and in the same way, |v|^ < 4|v'p+2( V2+ l)^|v,p, we get, by adding the two corresponding 
inequaHties, that yU»/i' < (yU^//)'^*'"^^^^'. Moreover, we have yuj,/^' = yu«yu < (ju',/u)'^^ because 

\v'f < (|v: - v| + |v|)2 < (|v. - v| + |v|)2 < 2|v»|2 + 8|v|2. Noticing that 

we get 

(2.15) lAii < Jj iv - vT^ U" e'-^vej (M:i,y'''g:gdvdv: 
< JJ iv - v:r(y.:,.)'/'«'g:gjvjv: < \\n'''''g\\i. , 

by an argument similar to the analysis of /i . 

For A2, we use the regular change of variable v — > v', and denote its inverse transforma- 
tion by v' — > i//,t(v') = V. Then 

M^iff ^.,. {£^ Hi^;^ ■ -)*«*.<■'■) - '-D 

It follows from the Taylor expansion that 

VMM^ - yfi4^)) = (V Va^)(v') ■ (lA^(v') - y') 

+ 1(1- t)(v2 ^)(v' + t(^„(v') - v')) («A.(v') - v') dr. 
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Note that the integral with respect to cr corresponding to the first order term vanishes, 
by means of the symmetry on SS~. Putting vj. = v' + t(i/'o-(v') - v'), we have |v'p < 
(|v' - V.I + \v,\f < ((|v; - V.I + |v,|)2 < 2|v;|2 + 8|v.|2, so that 



/12 



I vR^(v2 ^)(v' + T(^,(v') - v'))| < {^i{v,)^i{v'))' 

Since \^cr(y') - v'\ < |v' - v»|0, we have 

IA2I ^ ff{£ (^''^'dol \v' - vT\l^*t^')'"\.\ \g'\dv,dv' 
< Jjiv' - v4y(p,^'y'^\4 Ig'ldvM < \\i^'""'g\\l,. 

Together with (12.141) and (12.151) . this yields the desired estimate and completes the proof 
of the lemma. D 

Let us note the following inequality between (-Cig, g) ,, corresponding to the first term 
of the linear operator, and the non-isotropic norm. 

Proposition 2.16. Let y > -3. There exists a constant C > such that 
(2.16) \\\gt > Uxg, g)^^ > ^\\\gt - CWgWl, . 

Proof. The equalities 

2{.Cig, g)^,^ -2[n^Ui, g), g]^^ 

B {(py^g' - (M,)"^ gf dvdv,d(T 

B {(My'Hg' -g)+ g((Ky'^ - (f^,)'"-f dvdv^dcr, 
together with the inequality 



///' 
///' 



2(fl2 + b^) >{a + bf > -a^ - b^ 
yields 

(2.17) |||^|||2 > [z,g, g)^^ > iy, - 1/2 > ^lll^lll' - \j2 ■ 

It follows from the equality {a + b)^ = a^ + b^ + lab that 

(2.18) 2ij:,g,g) >J2-C\\g\\l, , 

which yields the desired estimate (12.16b together with (12.171) . 
Indeed, note that 

2(Xi^, 4 

= ^B [{^i:)'l\g' -g) + giifiy^ - (M*y'^)f dvdv^dcT 

= 7i + 72 + 2 jJJ^ B (g' - g)g(M:y'^{(M:y'^ - (M^yy^dv^dcr . 
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Using the identity 2(fi - a)a - ff - a^ - {fi- of-, we have 

-\{g" - g' - (g' - gfU - A^. + ((M'^' - (M,y''f) 
= ~{g' - gfiiM'S'' - (n^y'i + \ig' - g" )(M^ - ^:) 
+ \{g'- g)V - m:) + \ig" - g' )((K)'^^ - 0".)'^f 

Using the change of variables (v', v'J — > (v, v»), we see that 

I fff B hdvdv^da-l = \fffBfi,.ig^ - g'^)dvdv,dcr\ < C\\g\\l,^^ , 
by means of the cancellation lemma. Furthermore, 

\l\ B Iidvdwda- = - - ill B(fi, + ^'j(^g' - gfdvdvjcr 

+ jff Biti^y/^Qiy^g' - gfdvdv^dcr > -Ji , 

where we have used the change of variables (v', v'^) -^ (v, v»). Thus, we obtain ( 12.18b 
because the integrals corresponding to the last two terms It, and I4 vanish, ending the proof 
of the proposition. □ 

End of the proof of Proposition l2.lt It follows from ( 12.16b and ( 12.13b that 

'>{£,g,gL>U£g,g) 



On the other hand, note that (Xg, g) , - (X(i-P)g, iI—P)g] ^ , from the very definition 
of the projection operator P. 

Thus, from Proposition l2. 16l and Lemma 12.151 we get 

{£g, g)^^ = (£1(1 - P)g, (I - P)4, + (£2(1 - P)g, (I - P)g)^, 



>—\\\(I-F)g\\\^-C\\(I-P)g\\l, 



1 

Since it is known from ||3T1 that we have 

{£g,g)^^>C\\il-P)g\\l,^^, 

we get on the whole 

\\\(I-P)g\\\^<c{£g,g)^^ . 

2.3. Non-isotropic norms with different kinetic factors. This subsection is devoted to 
the proof of Proposition l2.4l That is, we will show some equivalence relations between the 
non-isotropic norms with different kinetic factors and different weights. 

For the proof, we introduce some further notations. Let p > 0, i-ip{v) - n{vY, and set 

jZ^g) = ^ %{\v - vg)fe(cos %p,. {g' - g fdvdv^dcr . 

We simply write J^^(g) if p - 1, and also introduce the notation J2^ig) similarly with // 
replaced by jUp. 
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Then it follows from ilAi and the change of variables v — > v/ sjp that 

By the last assertions of Lemmas 12. 12l and l2. 131 there exist constants Ci, C2 > such that 

(2.19) Cill^ll^, <jZ^g) + \\g\i2 <C2\\g\\l. . 

yl'^ '^ v+y/2 s+yj2 

Furthermore, it follows from < |2.9I ), (12.11b and the proofs of Lemmas l2. 12l and l2. 13l that 

jTiii^y'h) ^ JT^S) 5 <5/2«^)'^'^)' modulo \\g\l, , 

because we have CijU2 < l-i-{v) < C2/ii/2- 

Therefore, to complete the proof of Proposition 12.31 it suffices to show that for any 
P,P' > 

(2.20) Jf;'^(g) ~ jf^^Xg), modulo ||^||2, . 
In fact, note that 

Jf'(g) ~ Jtia^y^'g) ~ Jf'({v)^''-^^^'gl modulo \\g\\l, . 

.T+7/2 

This equivalence looks quite obvious, however, for completeness, we shall give a proof. In 
fact, ( 12.201 ) is a direct consequence of the following lemma, by taking / = fip> . 

Lemma 2.17. Assume that M.2\ holds with < .? < 1. Then there exists a constant C > 
such that 

^'^'^bfHg' - gfdcTdvdv. < C||/||2,(y;^;(g) + ii^iiy . 

Once the equivalence (12.20b has been established, we have 

Corollary 2.18. Assume that (11.2b holds with < i < 1. Then there exists a constant 
C > such that 



///' 



JJjbfHg'-gfdcrdvdv, < CWfWlmWl^ 



Proof. It is enough to consider the case p - 1 . As in the proof of Lemma |2. 121 it follows 
from Proposition 2 of |3 1 that 

Jf"(g) = JJj b(cos6)fiJg' - gfdv,dcrdv 



- 2Re fl{n'git)M))d^dcT 

(2.21) = _i_ jjz,(| . o-){mm) -net 

+ 2Re {^(0) - ■Ji{n)gitm))d^da, 



and 



= ^ fe(cos e)fl{g' - gfdv^dcrdv 

+ 2Re (/2(0) - fHn)g(tm))d^dcr . 
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Since f~HO) = H/H^, and/?(0) = cq > 0, we obtain 



= CO [ffbicos e)f^(g' - gfdv.J(rdv 



= 11/11^2 



' jT'ig) 



2 „^„2 



^T NT IIJ Il72 

2co 

+ — 
(2. 



^ Jj ^ (I ■ ^) ^c (72(0) - p(n)8{em))d^dcT 



= ll/lli2/f°(5)+Ai+A2. 



Write 



+ Jj^(i| ■ ^j/?e(72(0) -72(r))(?r) -?(^))t(^¥^«'^} 

=A2,i + A2,2 . 

It follows from Cauchy-Schwarz's inequality that 

|A2,2l < C( Jj^d ■ '^ l/'(0) - 7Kn\^\g\\^)d^do)"^ 



^B'l^Bf. 



Since 



we have 



1/2(0) -/2(r)i < J7(v)ii -e-"'fVv, 



Bi<c^^(^)iV'(v)7(H') 

X ( r^ (|[ ■ c^l (11 - e""''^1^ + |1 - e-''^-^' '^)da)dvdwd^ 
< Cllglli, 11/11^2 ll/llij, 
because 

^ „\ll ,-ivr |2^ 



■^||l-e-""f I'^^cr 



Jo J«i'>tf»-' 



_-«i'><f>r' rf/2 

A<i'>(f» 

\2s/£\2.! 



< C<v)^''<^)^ 
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Then we have |A2,i| < C||§||^,||/||^2 because 

jbU-^-o-ye{f'm-fHn)dcr 

= jf{v){jbl^^-o\il-cos{vn)dcr)dv 

< Ci^f' j f(v){vf-^dv . 
Since /i(^) is real-valued, it follows that 

Re (/J-(0) -Ti(n)8(t)f(^) = (/(!- '^os^^' ■ n)l^(y)dv)Rem^)m ■ 

Therefore, by using Cauchy-Schwarz's inequality and the change of variables ^ — » ^^ ( 
see the proof of Lemma 2.8 in I^TJ), we obtain |Ai| < C||/||^2ll§ll^i- Furthermore, it follows 
from (|Z2TJ that 

<c{jf'>(g) + \\g\\l), 

which yields |A2,2l < C||/|b||/||^.||g||„,,(yf»(g) + ||g||^,)'^'. Hence 

\A2\ < C\\f\\lM\H{jf"(8) + \\8\\l,)"\ 
Finally, we have 

A < c\\f\\iM\H.,{jf"(g) + wgwi.f'^ < c\\f\\i,{jf"(g) + iigiiy, 

by means of ( |2.19l l with y = 0, completing the proof of the lemma. n 

3. Estimates of nonlinear collision operator in velocity space 

In this section, we derive various estimates on the nonlinear collision operator Even 
though we consider the soft potential case in this paper, some of the following estimates 
also hold for general case so that they will be used in Part II. 

3.1. Upper bounds in general case. In this sub-section, we will establish various func- 
tional estimates which hold true under the more general assumption < i < 1 and y > -3. 
In particular, all the results in this part are independent of the sign of y -H 2s. 

Proposition 3.1. For all < s < I andy > -3, we have 

\{r(f,g),h)^,\ < |||/i|||o,{II/IIl"III^III«, + (IIV/IIl- + \\f\\L-)\\g\\l.^J. 

Proof. Direct calculation gives 

{r(f,g),h\^ = JJj b%fi'J\f:g' - ,fg)hdvdvja 



24 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 

Noticing that 

by using the Cauchy-Schwarz inequality, we have 

\{r(f,g),h)\ <{ JJj b<:>yj\f:g' - f^gfdcrdvdv^f^ 

where we have used the fact that the non-isotropic norm is invariant by replacing fi by ff 
for any fixed p > (see the previous section). We then estimate 

A < 3{jffbO,t,l'\(M''\f): - iM'''f):)'g'dcrdvdv, 
+ jffb%^^l%'^'f):f{g' - gfdcrdvdv. 
ffjb<^yjY^'-l,':^')\f:g'fdcrdvdv.) 



+ 
= Ai +A2+A3. 



It is easy to see that 



A2+A3<||/||i„|||g|||^^ 



Note that 

\(M"'f): - (M'"fl\ < min {(||V/|L» + ||/||l")0|v - v.|, ||/||l»}. 
Then we have 

Ai < (lIV/IL. + Wfh^f jj %[ j b(cos0)mm{6'\v - v,f , l)do-yi"g^dvdv., 
< (||V/||l» + II/IIl")' ^ |v - v.,r^'tii"g^dvdv, < (||V/||i. + \\f\\L-f\\g\t^/2 > 
where we have used y + 2^ > -3 and the fact that 

-inin(7r/2,|v-i',|-') 



/pmin(7r/z,|v-v%| ) 
b(cosff)mm(f\v-vf , l)dcr < \v - vf I O^-^'dO 

Jram{nl2,\v-v^ 



+ I r '-^ve < iv - vj2" 



-;r/2 

r/2,|i'-v.|-') 

And this completes the proof of the proposition. 

Lemma 3.2. Let 7 > 0. Assume that (11. 2t holds with Q < s <\. Then 

^0^(|v - vA)bf}{g' - gfdcrdvdv, < 11/11^,^^ Jll^llll^ . 
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Proof. Since <by{\v - v,|) < (v')'' + {wY, we have 



fffb(cos 0)0(1 V - vMHs' - gfdcrdvdv, 



fffb(cosO)f^[{v'y'^g' - {vy'^gfdo-dvdv, 
+ fffbicos 9){{v,y'^f,f(g' - gfdcrdvdv. 



+ 
= Ai +A2+A3. 



Noticing that 



we have 



\{vy'^ - {v'yl^ < Cy <v' + t(v - v'))^yi^-'^"dr\v - v,\e 
' ' Jo 



e-^-^'{{v - v,)e) do) 

+ r {{vy" + {v,yi') 
< Jj(<v>'^"'' + {v,f'^y)fl\g\^dvdv, 

< (11/11^2 \\gfn+\\ffn\\gfjj ). 

5+y/2 .v+y/2 ' 

Applying Corollarv l2. 1 8| to A i and A2, it follows that 



^-'^'de\dvdv. 



< 



2 



where we have used Proposition l2.4l in the last inequality. 
Proposition 3.3. For all < s < I and y > -3, one has 

|(r(/,g),%| <|||/l|||Oy{ll/llL^ j\g\U, + \\g\y jll/lll«y 

+ min(||/|b 11^11^2 11/11^2 \\g\y) 

\ s+y/2 s+y/2 f 

Proof. We will use the decomposition 

<i>,(z) = kriii.i>i) + kri(izi<i) = ^Aiz) + ob(z). 

We denote by Ya(:i')Sb(:,) the collision operators with the kinetic factor in the cross 
section given by O^ and O^ respectively. Similarly to the proof of Proposition 13.11 we 
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have 



\{TA(f,8), h)\ <{ JJJ b<:>Ad'^{f:g' - f.gfdcrdvdv,) 



1/2 

\\\h\U^ 



=A'/2|||/i| 



la>v 



Since O^ < 2^'^^^y, we have 

A < jff b%d"{(M'"f): - (M"'f):fg'dcrdvdv. 
+ jffb%^^l'\{t^'''f):f{8' - gfd^dvdv, 

+ ^^^b%„iiyj' - i^:i')\rjpadvdv. 

= Ai +A2+A3. 

In order to estimate Ai, we make use of Lemma IX2l Since Oy(|v - v,|)/i» < (v)'', we 
have by putting / = yu'^^/ and g - {vY^^g, 

A, < ^^^b{{v)yl\f{{ti'l\f):-{pi'l\f):fd(rdvdv. 

<II<v'>''^'§II^.IIIa''^VIIIo„ 5 11^11^2 lll/IIlL- 

We decompose the estimation on A2 as 

Ai < Jff b{(ti'''f):f{({vy''g)' - i{vy''g)fd^dvdv. 

+ ffjb{{vy'' - {vr'i{iM'"f):f8"dcrdvdv. 

= A2,i +A2,2. 

Applying again Lemma lTSl to A2,i, we get 

A2,i<\\M"'f\\l2\\\{vy'^g\\\l„<\\f\\l2 iii^iiiL. 

For A2,2, we note that if vv = v' + t{v - v') for t € [0, 1], then 

<v> < <v - v.) + <v.> < yl2{vr - v,> + <v.) < (1 + V2)<y^><v.>, 
and (vr) < (1 + V2)<v)<v,). Thus, {v^f < C^<v/<v,)^' for any /? e R. Since it follows that 
I I r' 

\{vy'^ - {v'y^^\ < Cy <v' + t(v - v')y'i^-^^dT\v - v.ie 

' ' Jo 

we have, by using the change of variables (v', v',) — > (v, v«). 



r.nl2 

+ ({vy + {vy{v:)''A0-^-^'d6\dvdv, 

J<.-...>-' ^ ' ^ 
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2 

Noticing that (/i» - fi'J' ) < min(|v - v,p0^, 1), we have 

A3 < [[^y{[ b(cos6)mm(\v-v,\^e^,l)do-)f^g^dvdv, 

< ff{v.y^^jHvy^^''8^dvdv,<\\f\\l, \\g\\l, , 

J J «+y/2 -^..+7/2 

when y + 2s>0 because <v - v,)^^^' < <v,>^+^'<v>^+^'. 

To consider the case 7 + 2i < 0, we divide the space Rj x R^ into three parts 

Ui = {|v - v,| < lv.l/8) , U2 = {|v - V.I > |v.|/8) n {|v.| < 1) , 
f/3={|v-v.|>|v.|/8)n{|v.|>l). 

Then we have 

^A3 = Iff b^,^.'l%'l'' -d'i{f4d^dvdv. 

= \ I I dcrdvdvt '^ \ \ I dcrdvdv^ "^ I I I dcrdvdvt 
Jju, J JJf/2 J JjUi J 

= A3,i +A3,2+A33. 

Since |v' - v.| < |v - v.| < |v,|/8, we have 7|v.|/8 < |v'|, |v| < 9|v,|/8 and \v'f = \v\^ + Iv.p - 
|v'p > |v,p/2 in Ui. Hence, in this region, we have//''' < CfiJ < C(yU,/i)'^^'', and this to 

A3.i< ff(iiM.y'^'{v-v,y^^'fh^dvdv,<\\f\\l, \\g\\l, . 

J J s+r/2 ^.t+r/2 



Furthermore, we have 

A3,2^ ff {w*y^^Jh^dvdv.<\\f\\l, \\g\\l, , 

JJU2 "''^ "''^ 

because <v - v.)"' < <v)"'<v,>"'<v,>^ < 2<v>"'<v,>"' in Ui- Since <v - v.)"' < 8|v.ri < 
16{v,)"' in L'^3, we get 

A3.3^ 11/11^2 11^11^2. 

s+y/2 

Therefore, we have, when j + 2s <0 

A3 < 11/11^2 11^11^2. 

,v+y/2 

By considering another partition in R^^, with v and v, exchanged, the estimate A3 < 

ll/ll?2ll^ll?2 holds, because |v: - v| < |v,*- v| < |v|/8 imphes 7|v|/8 < Kl, |v.| < 9|v|/8. 

^ i+r/2 



IIl2II^IIl: 

As a conclusion, we have in summary that 

\{TA{f,g),h)\ < {\\fh2j\\g\\\^^ + ||g||^2^^J||/|||a,, 

We now turn to r^. For this, firstly, it holds that 

\{TB(f,gX h)\ <{ jjj b<:>BMl'^{f:g' - f^gfdcrdvdv^f^ 

jI/2,„/,,|| 
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Since |v - v*| < 1 implies |vp < 2 + 2|v*p and then/i* < e/i'^^, we have 

Jjjlll.-l.,l<ll 

JJJ{|i'-i',l<il 

+ fff b^yj'v^^yf - f,'j''f{f:8'fdcrdvdv, 

JJJ{\v-v.\<l) 
— Bi + B2 + i?3 ■ 

Obviously, 

Bi < \\fi"^'g\\U\M'^'f\U, < ll//'^'"glli»lll/IIK . 
Since \jj.J - i^'J^^l < |v - v,|0, we see that by the change of variables (v', v'J, — > (v, v,) 

B, < fff bct>,^l'^y''%^^'l"-^^,^'i{f4dcrdvdv, 

JJJl\v-v.\<l] 

S ff (/"!^^V.)V^^V)V-v.r+2( f bicos6)0^dcT)dvdv. 

sl^"=VllJ, ll|o,l<-'«-"V'"°sllL.. 

s+y/2 

where we have used the Hardy inequahty if y + 2 < 0, cf. l[34ll . If one writes 

B2 < fff b^yjy^^'%^''f):f{y^''gy - yi'\)fdadvdv^. 

JjJ{\v-\\\<\) 

+ fff b<^,^,r^^,'|^\y|'f):)\'H^^^|'^^ - ^^''n'dcrdvdv. 

JJJ{\v-v.\<l) 
= ^2,1 + ^2,2 , 

then the second term £2,2 has a similar upper bound as B3. It remains to estimate 
B2,i = fff /.0,^!/'V'^'°((/^'^V).) V'°^) - (P'^'grfdcrdrdv., 

JJJ{\v-v.\<l) 

by the change of variables (v', v^) — > (v, y»). By firstly putting F = ju'^^/ and G - ^i^^'^^g, 
and denoting by Vj - v' + t(v - v') for r e [0, 1], then by using 

|G(v) - G(v')|^ = I r VG(v^)-(v-v')<iTf <|v-v.|2(sin2 6'/2)( f |VG(v^)|2c/t), 
' Jo ' Jo 

we have 

^2,1 < r { rrrfe|v-v.r2sin2^Fj|VG(v^)|^^vt/v,t/o-}c/T. 
To estimate this term, we need the change of variables 

V ^ Vj - —- — V H r— (|v - V»|cr + v.). 
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The Jacobian of this transform is bounded from below uniformly in v», cr and t, because 

|5(V^)| l/l+T 1-T \| V-V, 

U-^ =det -—/+-— cr®k (k=- ^) 

(l+r)3| 1-T I (1+T)3 | 2t 1-t 201 
= — ^TJ — 1 + -; k- cr = — -T — +2- cos^ - 

23 I l+T I 2^ ll+T 1+T 2l 

(I +t)^ 2t 1 -t| (1 +t)3 1 

> — + = — > — 

- 23 1 1+T 1+tI 23 "23 

If we set b - b(k ■ crVl - k ■ cr), then we have J , bdcr < oo. Therefore, 

• Jo J Uss^ J |vv-v.|-^-2 J 

Jo J 'Jss^ J |vv - v.|(-^-2)^ ' 



/o J Jss 

< 

/o J ' Jss 

<FII^2 II |£>|<-''/'-'>'VG||^, <||F||2, ||G||2 , 

(r/2+l)+ (r/2+l)+ (r/2+l)+ (r/2+l)+ 



where we have used |v - v,| ~ |vt - v,|. Finally we obtain 

B < III/^'/^°/IIIoJI/^'/'°^IIl~ + \\fi''''fM\f^'"°8\\H^:^^^-.n.n. 
This concludes the proof of Proposition l3.3l n 

Note that the above estimation is good enough for proving the local existence for the 
general case. However, the above upper bound related to B is given in Sobolev space with 
positive index and this can not be controlled by the non-isotropic norm. Hence, it is not 
sufficient for the proof of global existence. 

3.2. A simple proof of Theorem 1 1.21 for y > -3/2. We first give a simple proof of upper 
bound estimates on the Boltzmann nonlinear operator when y > -|. We state it as 

Proposition 3.4. Assume thatO < s < I andy > -3/2. Then 

\{rif,g),h)\ < {||/iL2^^j|i5iiio, + ll^lb^^^JII/lllo., 

+ min (11/1^11^11^2^^^^ , ||/IL2^^^J|glb)}|||/2|||a,,. 
Furthermore, together with y > -3 s, one has 

\[T{f,g),h)\ < {||/|li2^^J||g|||o, + II^IIlj^^,JII/III*,}|I|/!|IIo,. 

Let us note that the first statement deals with general values of y > -3/2, that is not 
necessarily linked with the value of s. For the second statement, note that the condition 
y > -35 is always true in the physical cases mentioned above. Indeed recall here that 
y - \ - As, and that < 5 < 1. Therefore, we can conclude that together with the 
constraint y > -3/2, the physical range Q < s < 5/8 is allowed. 
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Proof. The case when y > 0. Note that 

(3.1) (r(/, g), h)^^ = [^^'|^Q{^l'|^f, ii'i^g), h)^^ 

= \ jff '^ybicos e)[f:g' - f,g)[iili^h - ^ill^'h') 

<-A'l^xB'l\ 
2 

For B, we have 

B = ^^^ %b{co^e){{^':)'^\h' - h) + hwyi^ - {^i.)'^^)f 

< 2 fff %b(cos e)nAh' -hf + 2 ^^^ (&y/7(cos e)hl[Ui')^^^ - n^'^f 

^2\\\h\\\l^, 

where we have used the change of variables (v, v») — > (v', vQ for the first term and (v, v.) -^ 
(v,, v) for the second term. Similarly, 

A = jJj%b(cos e){f:(g' -g)+ g(f: - f.)f 

< 2 jjj <:>,b(cose) {f:Hg' - gf + gHf: - f,f} 

< 2 jjj' <byb(cos e)fAg' - gf + 2jJj'%b(cos 0)gf(f - ff. 

Then (13.2b implies that 

A < ll/ll^, lllglll^^ + ll^ll^, \\\f\\t , 

which completes the proof in the case when y > 0. 

The case when -3/2 < y < 0. As in Subsection l2.3l it is easy to check that for any fixed 

p>0, 

(3.2) lllglll^ ~ jSg) + Jpig) ~ jSg) + \\g\\l, 

' '^ '^ ''' s+yj2 

where the assumption 2y > -3 is required for the existence of the above integral, and more 
precisely for 
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Instead of (13.1b . we write 

{T(f,g),h) = JJj b<^yj^{f:g' - f,g)hdvdv,dcr 

Noticing that 

by Cauchy-Schwarz's inequality and ( I3.2l i. we have 

|(r(/, g), h)\ < ( J]j^*r;"y'(/«V' - f.gfdcrdvdv.f 



1/2 

'\\h\\K 



=A'^2|||/j|| 



We estimate 



+ jffb^y^l^\iM'"f):f{8' - gfdcrdvdv. 

+ jff b^yjyf -i.':''f{f:g'fdadvdv,) 

= Ai +A2+A3. 
Since ^y(\v - v,|);U» < (v)'', we have by means of Corollai'v l2.18l 

Ai < jffbi{vy'^gf{iM'"f): - {M'"fXfdcrdvdv. 

< IKv>''^'glli.lll;«'^Vlllo„ ^ 11^11^2 lll/llli , 

■^ j+v/2 '^ 



i+r/2 



where we have used Propositions 12. 2| and |2.4| in the last inequality. As for A2, we decom- 
pose it as follows : 

A2 < jjjb{(M'''f):f{i{vy'^g)' - {{vyl\)fd(rdvdv. 
+ J]JK<^>''' - {vy^i{{ti"'fl)\"dadvdv. 

= A2,i +A2,2. 

Applv Corollarv l2.18l again to A2 1 . Then 

A2,i<lly^'^Vll^2llKv)''^'§||||„<||/||^: '"-■'"' 



s+r/2 ' 



The estimation for A2,2 is the same as the one for A2 in the proof of Lemma l2.12l By using 
the change of variables (v', vj,) — » (v, v*), we obtain 

A2,2 < ^^ [{vf''Hv,f^-%'^'f)l\gUvdv. < \\f,''''f\\lM\l.^^^^ ■ 
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Noticing that (^ij.1'^ - 1^'*^'^) i min(|v - v^pfl^, 1), we have 

A3 < [[^y{[ b{cos6)mmi\v-v4^e^,l)dcr)f^g^dvdv, 

S rr <v,r'7.^<vrV^v^v. < ||/||2, \\gf , 

if 7 + 2i > because of <v - v,y^^' < {v,y^'-\vy^^\ 

To consider the case y + 2s < 0, we divide R^ x Rj into three parts 

Ui = {|v - v,\ < |y.|/8) , f/2 = {|v - y*| > |v*|/8) n {|y,| < 1) , 
t/3={|v-v.|>K|/8)n{|v,|>l). 

Then we have 

Ia, = jffb^yf,'l'yi"-f,l''f{f4dcrdvdv. 

= \ I I dcrdvdvt + \\ I dcrdvdvt + \\ I dcrdvdvt 

= A3,i +A3,2+A33. 

Since |v' - v,| < |v - v,| < |y.|/8 implies 7|v.|/8 < |v'|, M < 9|v.|/8 and \v'f = \v\^ + |v,|- 
|vf > |v,|2/2. Hence, we have fj.'l''^ < C/ul'^ < €(41^^^^^ on Uu which leads to 

A3,i< {{w.)"^\v-v,y^^'f}g'dvdv,<C\\f\\l, \\g\\l, . 

JJ ^^1+7/2 ^sty/2 

lave 



Furthermore, we have 



because <v - v.)"' < {vy\xuy\\\r < 2{vy\v,y^ on Ui. Since <v - v,)"' < 8|v,ri < 
16(v',)"' on f/3, we get 

A3,3< 11/11^2 11^11^2. 

s+yl2 

Therefore, we have in the case when 7 + 2^- < 

A3 < 11/11^2 11^11^2 . 

s+yl2 

If one considers another partition in 7?^ ^, with v and v* exchanged, then the estimate 

A3 < 11/11^2 11^11^2 

.T+y/2 

holds, because |v< - v| < |v', - v| < |v|/8 implies 7|v|/8 < |v;;|, |v.| < 9|v'|/8. 
As a conclusion, when y > -3/2 and y + 2,s < we have 



\{nf,g),h)\<{\\f\y^j\g\U^ + \\g\y^ 

+ min(||/||i2 11^11^2^^^^ , \\fhiJ\g\\L^}\mU^. 
which concludes the proof of the first statement of Proposition l3.4l 
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The case y + 2s < 0, y > -3s. We go back to the definition of A3, that is (we have 
performed the usual change of variables) 

< [ffb^f,"J'-fil''ffh'dcrdvdv. . 

We estimate the spherical integral as usual, that is over the sets 

|v^ - v»| < - < V, > and |v', - v»| > - < v» > 

It follows by Taylor formula that, on the first set (which is the singular part), one has, for 
another non important and non negative constant c 

On the other set, we just estimate the square by 1 . Note that on the second set we have, 

|v- V,| >< V, >. 

Then we find, by now standard computations, that 

A3 < ff <V-V,>^ flllv - y.P' < y, >2-2' /2^2 
+ ff <V- V, >'y \V - V.|2' < V, >-2' /2^2 
= A3,i +A3,2 

Now, for A3J, we write < v - v, >''^2s<< y >r+2s<- y^ >-r-2s ^jj^j ^g ggg j-jj^j- ^g jj^^y 
absorb all the powers of < v, > with the maxwellian, to get, for another non negative 
constant d 

AXX < ll//ll'2 11^11^2 . 

yl2+s 

For A3_2, we write 

Note that the power —y — As which enters the power over < v» > can be written 

—y — As — — (y + 2s) — 2s 

the first term being positive. Of course -y - As < iff y > -As, and this is true since 
we have assumed that y > -3s. Furthermore y + As > -y - 2s again because y > -3s. 
Therefore we obtained 

A3,2< 11/11^2 11^11^2 , 

concluding the proof of the second statement. □ 

Let us note that the proof of Proposition |3. 41 gives the following corollary. 



Corollary 3.5. With the regularized potential, together with assumptions ( 11.21 ), < i < 1 
andy > -3 s, one has 



\[T^if,g\h)\ ^ {|I/IIl^^^,JII^IIIo, + ll^llz.;^^,JII/lll«, 



Note carefully that in this last result, the constraint y > -3/2 is removed, and we have 
retained the constraint y > -3s, which is always true for physical cases, as we saw above. 
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3.3. Proof of Theorem ll.2[ The general case is long and will be divided into several 
steps. One of the key ingredients in the proof is to split the term (r(/, g); h) into two parts. 
In this way, one part can be dealt with the method introduced in the previous subsection, 
while the other one will be analyzed by direct Fourier transform. 

Lemma 3.6. For any integer k > 2 we can write 

k+2 k 



def 



k 



In the above, a'', are real numbers for all i and j, and the other exponents are strictly 
positive, at the exception ofb^ — 0, with b^ > a?. 



2k 



1-X^ 



Proof. Differentiating k- 1 times the identity } x-' - we have 

■^ 1 - X 



Ik 

Z 

j=k-l 



ij-k + iy. 



J-k+l 



J=0 
1 f-'' '^(k-1 



1 -X 



(k-iy 

(l-x) 






k-1 



l-x 



if) 



2k+l\('<-'~j^ 



(x^*^') 



^■-2 



(2/t+l)! f*>A' (-1)" 



;=o 



;! 



A^ n 



V n=0 



{2k-j-n + iy. 



ak-j+i I 



1 - B/A) /(k - 1)!, we 
obtain 

2k 



i2k+2 



- (A - Bf 2 



j=k-i 



ij-k + iy. 



1 2k- j+ 1 f>j-k+ 1 



B' 



k-l 
;=0 



{2k + 1) 



(k-j-l 



r- 



A^ n! 



(-1)" 



^ n=0 



\{2k- j-n+ 1)! 



j^j^\j^2k-i+\ 



which gives the desired formula. □ 

With the help of Lemma |3.6l we can analyze (r(/, g); h) as follows. Write 

{Y{J,g), h) = (T,{f,g), h) + {T,,„{J,g\ h), 
with 

(3.3) (r^(/, g), h) = ^ ^(^r^ ■ '^)l'r(^ - ^'•)/^(^'' ^'•)(/.'^' - f*g)hdvdv.dcr, 
and (Tresiif, gY, h) is a finite linear combination of terms in the form of 

(3.4) {T,nodj{f, g), h) = ^/,(^^ . a-)%(v - v^flg " f.g)fi'i'fi''fi''hdvdv,dcr 

= (e(//V,/^''^)),/'/jX 

with dj > 0, c, > 0, for 1 < / < 3. 

The following two propositions give estimates on each of these scalar products, and all 
together imply Theorem ll.2l 
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Proposition 3.7. For allO < s < 1 and y > -3, one has 

\{T,{f,g)-h)\<[\\f\y mw^ + M:. 

V s+yll ' s+y, 

+ vain{\\f\y\\g\\^2 \\f\\^2 M\i2]\\\\h\U^ 

s+yll s+yll } ' 



+y/2 s+yll 

, ,a\k , ,2h , ,c . 



Proof. Since fi(\\ \\) is a finite sum of (jj.^ - ^^) fif'ff with a,b > and c > 0, by setting 
H = /u^h, we can write 

(r,(f,g),h) = JJJ b%(fi" - fiO'^'Mg' - f*8)dHdcrdvdv, 

= I ffj^'^y^" - l^lfdifU' - f*gMH - ti''^H')d(rdvdv, 

+ 5 J]J ^ %{f:g' - f*g)[(M" - /^'D V! - (/ - ^ilf^J:y.H'd<Tdvdv. . 

By setting <by — O^ {^y^y )' the Cauchy-Schwarz inequality gives 



\{T,{.f,g\h)\AA"\D'^' + E'")^ 



where 



A = Jjf^^r/^'l/.'^' - f*gfdcrdvdv, , 

D = ^^( b{%^-'l^{^f - Mtffit^tH - ti'tH'fdcrdvdv, , 

It is easy to see D + £ < \\\H\\\l because (OyO;'^^(//" - ju^)*^)^ < Oy, and 

The estimation on A is just the same as the one in the proof of Proposition [33] And this 
completes the proof of the proposition. n 

To estimate the last term in ( I3.4l i. we have the following proposition. 

Proposition 3.8. For all < s < I andy > max{-3, -3/2 - 2s}, one has 

Wn,od,i{f,g\h)\ < ^\f^f'U^JW'\U^ + wnLiJ\fiinw]\\\hA\\% ■ 

For this, we consider 

(r„w,,(/,^),/2) = {Q(^f-f,ii'-g),t/-h). 

We therefore consider {Q{F, G), H) with 

(3.5) F ^ f^'\ G ^ g,i'\ H ^ hfi'\ 

for some positive constants ci, C2 and C3. 

Let < 0(v) < 1 be a smooth radial function with value 1 for v close to 0, and for 
large values of v. Set 

%iv) = Oy(v)0(v) + <Dy(v)(l - <p(v)) = (Dc(v) + (Dg(v). 

And then correspondingly we can write 

Q(F,G)^Qc(F,G) + QdF,G), 
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where the kinetic factor in the collision operator is defined according to the decomposition 
respectively. To prove Proposition [33] it suflices to prove the following two lemmas, by 
taking m = -s in the statements. The general form below for any real m will be needed in 
Part II. 

Lemma 3.9. For allO < s < I and y > —3, one has 

\{Qc{F,G\H)\<c[\\F\y JIIGIIIo, + IIGII^: JII^IIK}|||//||Io, ■ 

I \ / 1 V -'+7/2 ' -T+y/2 ' I ' 

Proof. One has for some positive constant fi 

\{Q,{F, G); H) = I {{{b^-civ - v^i/lFlG' - F,G]Hdvdxudcr\ 
= ^1 iTf/? 1>e(v - v,)[F'fi' - F,G]f4f/[H' - H]dvdvJ(r\ 

where 

A = rrf/? il)e(v - v,)[F'fi' - F^Gf^F.^dvdv^do-, 

B = fff b^s(v - v,)i4i/[H' - Hfdvdv,do-. 

B is clearly estimated from above by the dissipative norm of H, while for A, we note that 
Og < Oy. The proof of Proposition [33] in Subsection 13. II can then be applied to A. And 
this gives the desired estimate and then completes the proof of the lemma. n 

Next, let us note that, from the Appendix, |'l>c(^)l ^< ^ >"^"^ . We shall prove 

Lemma 3.10. Let m e R. For all < s < 1 and y > max{-3, -| - 2s}, one has 

\iQ,(F,Gy,H)\ < [\\Fy\\G\\f,o,,.2,. + \\F\\f,,.,„.,.\\G\y + ll^llff>l|G||H(,„«,^)||i/||H-», . 

It is important to note that even though the statement of Lemma l3.10l is not as sharp as 
the one of Lemma [379] by recalling ( 13.5b . we have all the needed weights because we are 
dealing with functions of the form F, G and H that contain Gaussians. Hence, these two 
lemmas together imply Proposition 13. 8 1 



and 



For the proof of Lemma [3. 101 first of all, by using the formula from the Appendix of 
|[3], we have 



TiQciF G))(0 = b(^- o-)^,{^,)F{r + &)G(e - ^.) 

JJrIxss^ M^I ' 

- ff b(^-cr)^,(^,)F{^,)G(^-^,). 

We change variables in ^, in the first integral to obtain 

(Q,(F, G); H) ^jffb{^^ ' ^)l^c(^* ' D - <l).(^.)]F(f.)G(^ - ^,)l(i)d^d^,dcr. 

- I \ I ■■■ d^d^tdo- + I \ I ■■■ d^d^tdcr 

^Ai(F,G,H) + A2(F,G,H) . 
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A2(F, G, H) can be naturally decomposed into 

- J]J^(j| ■ ^)i|ri>i<f.><i»c(^.)^(^.)G(^ - ^S^)d^d^.dcT 

= A2,i(F,G,H)-A2,2(F,G,H)- 
For Ai, we use the Taylor expansion of O^ at order 2 to have 

Ai = Ai^i(F,G,H) + Ai^2(F,G,H) 
where 

and A\2{F,G,H) is the remaining term corresponding to the second order term in the 
Taylor expansion of ^c- The A,j with i,j- 1,2 are estimated by the following lemmas. 

Lemma 3.11. Let m e M, For all y > max(-3, -5 - 2i), one has 

\Ax,j\ < (|FL2||G||/„„.2,. + |F||«„.,„.,.||G|L2 + IF||H.,||G||«,„,«,^)||i/||H-». , j = 1,2. 

Proof. We first consider A 1 1 . By writing 

-f((|-4-)^('-(|-))f' 

we see that the integral corresponding to the first term on the right hand side vanishes 
because of the symmetry onSS^. Hence, we have 



Ai,i= K(S,^,)F{^,)G{^-^,)H{Od^d^,, 

where 

^^^'^*^ ^ L^ ^(| ■ "H^ " (| ■ ")) 2 ■ (V'i>.)(f.)l|ri.^(f.>^-- 

Note that |V6c(^,)| < j^y^, from the Appendix. If ^/2\^\ < <^,>, then 1^1 < <f.)/2 and 
this implies that for < 9 < n/2, 



/«m+s /^ ys //^ \(m+.v)+ .//:_/: \(m+s)+ 

~ (^ \3+y+2.5 ^^' ~ ^'=*' ,^ x3+r+2.5 ^^' 



On the other hand, if ^/2\^\ > <^,), then 



Since (^*)"'' ^^^ '' e L^ when 7 > -3/2 - 2i, we obtain the desired estimate for Aij. 
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Now we turn to Ai^2{F, G, H), which comes from the second order term of the Taylor 
expansion. Note that 

^From the Appendix, we have 



because 1^" I < (^.)/2. Similar to A ij, we can obtain 

|Ai,2l< [f K(^,^,)F(^,)G(^-^,)A(^)d^d^,, 
where K{^, ^,) has the following upper bound 



Jo 



min(7r/2, 7r<f.>/(2|^|)) _ ^^^2 ^^y2s 



K(^,^*)< e'-^'d0 



which yields the desired estimate for A 12- And this completes the proof of the lemma, n 

Lemma 3.12. Let m e M, For all < s < 1 and y > max(-3, -| - 2s), one has 

IA2.1I + |A2,2l < (||FL2||G||h(».2,. + ||f ||H(»..2,.||G|L2)||i/||H-».. 

Proof. In view of the definition of A2,2, Since we assume that > l/2|^,||f |"', we also have 
l/2(^,)|f|"' < |, that is, (^,) < |^|. We can then directly compute the spherical integral 
appearing inside A2,2 together with <t> by using the inequality 

^ ^^' < {.'■')'"'({.'■ \('«+2s)* . /£ _ t \(»t+2.v)+\ 

to obtain the estimate for A2,2- 
We now turn to 



A2.1 = JJJ b l^^-^^L^^^^y^,(^,-nFi^,)G{^-^.)H(^)dcrd^d^,. 

Firstly, note that we can work on the set |^, ■ f "| > jl^^P- In fact, on the complementary of 
this set, we have |^» ■ ^"| < jl^^P so that |^, - ^"| > |^,|, and in this case, we can proceed 
in the same way as for A2,2- Therefore, it suffices to estimate 



///' 



iri>i<f.>i|f.-ri>|rp _^^. _.-^ 



j'/£^\("«+2.s)+ + (p - /^j)*^™"^^-''*) 



H(0 ^ Fj(^,)Gj(^ - ^,)dcrd^d^. 



where Fi = (^)('«+2')"f' , Gj = G and F2 = F, G2 = <^)^'"^^'^'G. On the set for the above 
integral, we have <^, -^-f' < {^,f-\ because |^-| < \^,\ that follows from l^^p < 2\^,-^\ < 
l^^l |^»|. By the Cauchy-Shwarz inequality, we have 
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where 



and 

Si"'^^ ^S2 ^(1 • '7')l|ri>ife>^cr < |^|2'<^.)"^', we obtain 

Dj<\\Fj\\l,\\Gj\\l,. 
For D, we use the change of variables in^,, u - ^, - ^' to get 

By noting that |^"| > 5<m + ^") implies |f"| > <m)/ VlO, we have 

because 2{y + 3) +4s > 3. And this completes the proof of the lemma. n 

3.4. Estimation of commutators. By using the arguments similar to those used in previ- 
ous subsections, we now prove the following estimation on commutators. 

Proposition 3.13. Assume that < .? < 1 and y > -3. Then, for any I > 1, one has 

\{w,T{f,g)-Y{f,Wig\ h)^\ 

< (ii/ii^.^ m-sg\\L\ „ + ii^iiz.^^ m-sf\\L^^ ,, 

\ s+yjl s+y/2 s+yjl s+yjl 

(3.6) +mm{\\fM\Wi.sg\\L^ ||/||^2 m-.g\y] 

s+yjl ,f+y/2 

+ min{||^||i.||W,_ J||i2^^^^, ||g||i2^^J|W,_ J|L2))|P|||o, ; 
and for any < / < 1, one has 

\[wiY{f,g)-nf,w,g\ h) \ 



(ii/iil^, iwi-sig\\L\ „ + \\8\\l\ j\W'-^'f\y n 

\ -T+y/S s+yjl s+yjl s+yjl 



(3.7) +mm{\\f\y\\W,^,ig\y JUU Wi-.igU) 

s+yjl s+yjl 

+ min\\\g\y\\W,^„f\\:2 \\g\y ||W,_„/||^2))|||/2|||o, . 

s+yjl s+yjl / ' 

Remark 3.14. Assume that Q < s < \ and y > -3. Then, for any I > 0, one has 
\[w,T{f,g)-T{f,W,g\ h)J^ 

\ s+yjl s+yjl s+yjl s+yjl 

+ vcAn{\\f\y\\W,g\\i2 \\f\y \\w,g\y} 

s+yjl s+yjl 

+ mm{\\g\y\\WifU A\gU IIWIIl^))|II/^IIIo,, 

s+yjl s+yjl / ' 

where we use < |3.6l t if I \yl2 -¥ s\>\ and ( I3.7I ) ifl\y/2 + s\ < I. 
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Proof. In view of the decomposition given for F, it is enough to consider (13.31) with 

for some constants a, c > 0. Indeed, aU the other terms have compensation by some Gauss- 
ian function so that any algebraic weight is not a problem. For this term, the commutator 
is then given by 

\{w,T^{f,g)-T^{f,W,g), h)J^ = ^^^b%{v-v:)^i(v,v:)f:g'(W,-W'^)hdvdv.Ja, 

which can be written as 

\\\ b %{v - v,)i^(v, v,)f;,g'(Wi - W;)hdvdv,do- 

= fff b %{v - v.)//(v, v.)/;g'( W/ - W;)(h - h')dvdvja- 

+ ^^^ b O/y - v,)[ii{v', v'J - ^i{v, v,)]f,g{W', - Wi)hdvdvjcr 

+ ill b <by(v - v,)iu(v, v,)f,g(W; - Wi)hdvdv,dcr 

^A + B + C, 
by the usual change of variables. For A, we use the Cauchy-Schwarz inequahty to get 

A = fff b %(v - v,)jj(v, v,)flg'(Wi - W'i)[h - h']dvdv,do- 

< ( ^^ 'l'r(^ - ^.XA'' - /«'.)V:i/,f l/lW/ - W;\^dvdvJo-f'\h\U^ 

where 

U = fffb <v-v,>^ n"Jf*\\\^\W; - WiUvdv.do-. 



If / > 1, by using the Taylor's formula, we have 



\W: - Wi\'^ < min{6lV - v,p, (< v > + < v. >f} (< \\ >'"' + < v >^-^f , 



and then 

r b \W; - WiUo- < \v - vA^\< V >2'-2-' + < V. >2'-2.^), 

Jss^ 

Then we note immediately that U is similar to the term A3 in the proof of Proposition |33] 
because we have a Gaussian inside the definition of U. Taking into account the weights 
here gives 

u<\\f\y \\wi-.g\y +mm{\\fM\w,-sg\y .\\f\y jm.sy} 

s+y/2 s+y/2 ,r+7/2 s+y/2 

+ \\8\\l^ m^sfh^ +mm\\\8M\W,-sf\\L- , \\g\k^ JWi^JlM. 

s+y/2 s+yl2 s+yjl s+y/2 

If < Z < 1, then we note that 

\W', - Wi\^ < < V >2' + < V. >2' and \w; - W,P < ei^\v - v.|^ 

so that 

\W'i - W,P < mm{6^\v - v.p, <v>^' + <v, >^'}. 
Then we obtain 



f b \W; - WiUcr < \v - v.p'(< V > 
Jss^ 



(3.8) I b \w; - Wil'dcr < \v - v,r(< v >2('-'>' + < v. >2(i--)'), 

Jss^ 
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and therefore the same argument gives 

U<\\fU l^i-sigU +min{||/|L2||W,_„^||^. 11/11^2 WWi-^gU) 

s+yjl s+yll s+yl2 ,?+y/2 

+ \\gU m-sif\y +mm{\\g\\i2\\Wi-„fU \\g\y J|W,_,,/||i2), 

,?+y/2 .T+y/2 s+yjl s+yjl 

which gives the final conclusion, for y > -3. Terms B and C can be dealt with similarly so 
that we omit the details for brevity. And this completes the proof of the proposition. n 

4. Functional estimates in full space 

In this section, we prove the estimations on the collision operators in some weighted 
function space of variables (jc, v) e R^. Together with the essential coercivity estimates 
proved in Section |2] we give coercivity results for the linear operator in some weighted 
spaces. These tools are crucial for the proofs of the existence results, both in the local and 
global cases. Recall the assumption y + 2^ < 0. 

Let A^ e N, Z e R, we define the weighted function spaces 

Sf (R") = [g e S'(Rl,) ; WgWl^^^,^ " Z f, "l^^-^si ^fi^i^^ ' ^1"^/^ < +'^ 

l»l+l8|<iV ^^' 

Sf (R") = Ig e S'(R'y, \\g\t.^^^ = E r lll^^-l«l ^"pSix, ■ mldx < +cx,} 
and also 



4. 1 . Estimations without weight. First of all, one has 



Lemma 4.1. For allO < s < l,y > -3, and for any a,p e N , 

2 

- 6), 



(4.1) ll5^P^IUo(B..) + ||P(5^ g)|Uo(i,.) < C/^Wd^gWl,^ 



(4.2) 


2 


and 




(4.3) 




Proof. 


From 



where 



and 



II^O(R') - CWgWln^.) - (^^'^)l2(R^) - 2(^1^' ^)i2(R6) ^ ll^llW')' 



one has 

Vg = (a,(f, x) + v.bgit, x) + \v\^Cg(t, x)^!^, 

a,(t,x) = r (2 - ^^)g{{t,x,v)^i'l\v)dv, 
bg(t,x)^ I §(f,x,v)v'yu'^^(v)£/v, 

Jr3 

c,(f,x)= r (^-l)g(f,x,v)//'/\v)fl'v. 

Jr3 O ^ 
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Thus, (14.11 ) can be obtained by using integration by parts. To get ( 14.2b . we use the resuhs 
from Section|2]to obtain 



"2 .,>(i:g,4,^^,^>77oii(i-p)^ii^,^.) 



Finally, ( 14.31 ) follows directly from Section|2] n 

The following Lemma is an application of the Sobolev embedding for functions with 
values in a Hilbert space. 

Lemma 4.2. 

sup |||/(x, ■ )|||o, < WfWxHR'y 

Proof. It follows from the definition that 

( sup \\\f{x, ■ )\uf < [ffB^i, ( sup (fix, v') - fix, v) f)dvdvJcT 

+ (U B [sup fix, v,f){^/J? - yf]lfdvdv,do- 

< ^^^ Bh,[Yj r id" fix, v') - dlfix, v) fdx)dvdv,dcr 

^^^ \a\<2 ^ 

+ III 5(2, I fi^' ^*)^dx){ ^/J? - "V^ ) dvdvtdcr 

Y^J\\\d'ifix,-mi^dx. 



|a|<2 • 



D 



Proposition 4.3. Under the assumption of Theorem \1.4\ for any N > 3, we have, for all 

Q'eN\|a'| < A^, 



{d"Tif, g), h) \ < {||/II//«(r3.z,2(r3)) ||glU«(R< 



Proof. Firstly, if lail < N - 2, we get from Theorem ll.2l Lemma I4r2l and usual Sobolev 
embedding, replacing the "min" term by the corresponding terms without the weights that 

\(rid"'f, d"'-g), /1) , I 

^ (ll/llHl''ll+3/2+e(R5;L2(Rj))II^IUl<'2l(Rfi) + I I/I I A^l"! I+'IR-^) 1 1^1 IhI''2I(R5;£2(R;)))PI UfCR') ■ 

If |ai I - N - \,N, then |q'2| + 2 < A^, we get in a similar way, again from Theorem ll.2l that 
\(Tid"'f, d'"g), h] ^ \ 

< (j^^ (l|5"7lli2ll|5"=^|||^^ + |||5'"/lllo,P"'^llL2+l|5'"/ll'2l|5''^^lli2VxJ P|U0(R6) 

^ (|I/IIhI<'iI(R5;L2(R;))II^IU|«2I+2(r6) + ||/IUl<'ll(Rf>)llgllHl"2l+3/2+«(R5;L2(R;)))l|/j|U°(R'i) ■ 
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The proof of the proposition is then completed by recalHng the Leibniz formula 

d:r(f,8)^ ^ Ca„a,r(d:'f, dT-8). 

ai-\-a2=a 

a 
Remark 4.4. The above proof shows that, for \ai\ < N, 

Finally, the estimate on the linear operator X.2 can be given as follows, which in fact can 
be deduced from Section|2l 

Proposition 4.5. For allQ < s < I, j > -3 and any a e N-', we have 

4.2. Estimation with weight. We now prove the following upper bound with weights. 



Proposition 4.6. For all < s < I, y > -3, and for any N > 6,{ > N, \a\ + \/3\ < N, we 
have 

|(Wf-^j5| r(/, g), /!)£2(R6)| < PllB»(Rf.)(||/||^-V(R6,||g||.^«(Ii6) 

+ ll/ll'H,"(R'i)ll^lls«(R'i) + ll^ll'H?'(R")ll/llB?'(R'i))- 

Proof By using Leibniz formula, we have 

(w^-i8i5^r(/, g), h) -Y,'^l'±P.^Wi-nr{d;\f, d2g,^ii,,x h) 

Note that T shares the same upper bound properties as F given in the previous propositions. 
In fact, by using Proposition l3.13l 

A =|(Wf_i8|r(5;;/, dlg,txp.:)-T(dl\f, Wt-^\^2g,^ip,), h):,^^4 

^ l|/^llsS(R.){ r^ {}We-n^yi2d;\f(x, ■ )||2,^j,3)l|5-^(x, . % 
+ min {||5^;/(x, • %^^,j\Wi^^\,yi2df^g{x, ■ %^^,^ , 

ii5^"/(^'-)IIl5,,,,,(rJ)II^'--'5;;^(^'-)IIl^(r?)} 



+ mm 

^^^^ ,„3j|WH/3i-.t^«.7(x,-j|i;,,„3.f)dx'^^^ 

For this, we divide the discussion into two cases 

72/in)3\ r- T^riOi 



Case 1: lai I + |y8i I < A^ - 2. We have, by using H^iR-^) c L°°(R;J), and y + 2s <0 that 

A 5PllB|;(R'i)(l|W^f-i8|+r/2Vv5^,7llL2(R'>)l|5^^'?ll^'»') 

+ l|V?^^,'/lb(R'^)ll^f-^l+r/2^^2^llL2(R")) 
5 l|/'!|lsJJ(R'i)ll/ll'Hf(R'i)ll.?ll«^"(R6)- 
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Case 2: [ail + ^il > A^ - 2. Then \a2\ + ^2! < 1 and \a2\ + \/32\+5 <N, and we have 

^ PllsJ(R'i)||/||/;«(R6)||g||.^«(R6). 

Therefore, we get 

(4.4) Yj CSlfiM^-w '^Kf' ^a^'^a) - nd;if, w^f^is, d;;g,fi^,), h)\ 

^ C||/z||sO(R6)||/||^«(R6)||g||.HA'(lJ.6) . 

Next, we deal with the following term and the discussion is also divided into several steps: 

Case I: lail + |y6i| < 1. From Proposition l3.1l we get 

B ^\{T{dl\f, W[-y}\d2g,t^i},\ /i)z.2(R6)| 

^ \\h\y}\f\\'n'',m)\\s\\ij''^(vfi) ■ 
Case II: 2 < |ai| + |y6i| < 3. Again from Proposition l3.ll one has 

^ \MBo\\f\\fi^(M.O)\\8\\B^(R<'). 

Case III: 4 < lail + ^i| < A^ - 1. Then \a2\ + I/S2I < A^ - 4, and from Proposition [331 
we get 

+ ii5;;/iiL.(R.)iiiVf-tsiV? d^g^^j^e^ + ii//'^^°5;;/iiz..(R.)iiA^i/^V,_i8i d2g\yn..^^,,H^n-.^^,^y 

Case IV: lo-il + |y6i| = lal + \/5\ < N. Again from Proposition l3.3l we have 

B = |(r(5^/, Wf_i8|g), /l)^,(^.)| < l|/l|lsJ(Ra,{||5;/||^2^^^^(i,.)||Wf_i8V2g||sO(^a) 

+ \m-lfi\^lghl^^^^J^.^\\^|f\y^^t.^ + W^f\\Li^^^_m\m-ij3Vlg\\LHR^) 

+ llA''^'°5;/||sO(R.)||;/'/40 We-v^^gWl^^,^} 

i l|/^llsU(R'>)ll^ll'H«(Rf.)ll/llsf(R6) . 

Finally, the proof of the proposition is completed. n 

4.3. Estimation with modified weigiit. In the sequel, we shall often use the inequalities 

(4.5) my < \\f\y, \\f\y < Ill/Ill. 

.v+y/2 s+y/2 

The first inequality is valid since we are assuming that y + 2^ < 0, while the second one 
comes from Section|2l 

To obtain the global existence, the upper bound given in Proposition l4.6l for the general 
case is not enough because this bound can not be controlled by the coercivity estimate 
of the Unearized operator that contains loss of weight in the case of soft potential. To 
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overcome this, we now prove the following upper bound under the conditions of Theorem 



Proposition 4.7. Under the assumptions of Theorem U .5\ on the parameters j and s, for 

any N > 6,{ > N, \a\ + \li\ < N, one has 

(4.6) I(w,-i8|5«r(/, g), w,_ts|5«/2)i2(B.e)| <(||/||^«(R.) WgWsfm 

Proof. First, notice that from Remark D.14| and ( 14. St . we have for y > -3, 

(4.7) \(w,r(f,g)-r(f,Wig),h\2f^.^\ < {\\fhn^^,^\\\w,g\u^ + mwiiio, \\8\y(M^.^\\)\mu^. 

Recall the definition of T to deduce that 

md^nf, g), w,dph)^2^^.^\ < Yj ic^iTOpj, dp,g, d^y% w,d^h\2^^.^\ 

/3,+/S2+/S3=/3 

+ \{W,T(dpJ, dp,g, dp,p'l^) - (T(dpJ, W,dp,g, dp,ix'l\ W,5^/z)^2(r3)|}. 
By using Theorem ll.2l we obtain 

\indpj, W,dp,g), Widph)\L2f^:^ 

< (ii^A/ibcM?) \mdp,g\\w^ + \\\dpj\\w^ mdp,g\y^^,))\\\w,dph\u^. 

Moreover, ( 14.71 ) implies that 

mndpj, dp,g) - ndpj, widp,g), w,dph)^2^-g..^\ 

< (}\dpJ\yiUiMWidp,g\\Wy + WWidpJWW^ \\dhg\\LHul))\mdph\U^. 
As a consequence, 

(4.8) mdpYif, g), Widph\2^^_)\ < Y^ (||5^,/|li2(j,3) \\\W,dp,g\U^ 

+ \\\d/}J\\\^, mdp28\\Lmi) + mdpflU^ \\dp28\\LHMi.))\mdph\\\^^. 
By the Leibniz rule in x variable, one has 

|(H',_^|5|r(/,g),tV,_^|5|^)^2(j,6)| 

< X m-wdi,r(d"'f,d"'-g),w,-\is\d;hh2^j^.^\ 



a\ +02=0 



- Z X, (Kf^^LHKi) \m-iisid;ig\u^ + \\\d;if\u^ \m-ii,\d;igh2^^i-, 
+ iiiw/-i8|5;;/iiio, \\d;;gh2iKi-))\m-md"ph\u,dx 

+ \m-0,d;]f\u^ iiH',-ft5;^^^ib(j.3))iiiiV,_i8|5^/!iiio,fl'^ 

J Mr' 

+ \m-p,d;]f\u^ iiw,_^,5;^^5ib(R3))iiiw,_t8|5^/i|iio/x 
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Now these terms are discussed in the following two cases. 
• When Iffil + lySil < N 12, we have 



^ ll/ll««(Rf')ll^llsf(R'>)ll^lls/(R'i)- 



^ ll/ll®«(R6)ll§l|.H«(Rf')l|/!|ls«(R6)- 

• When lofi | + |y6i | > Njl, we have 

^ ll/ll'H,"(R<^)ll^llsf(R'i)PllBf(R'i)- 

Jr3 
^ ll/lls;^(R6)ll^ll««(R'i)Pllsf(R'>)- 

Here, we have used Lemma l4!2l to get 

II wm-p^diinu^ iii„(R3) < ii/iis«(Ra), 

for lai I + ^1 1 < Njl. Therefore, we complete the proof of the proposition. □ 

4.4. Weighted coercivity of the Unearized operator. We turn to the weighted lower esti- 
mates, more precisely, the lower bound for {WiJlg, Wig)i2(giy Let us recall that in Section 
|2]it was shown that, if y > -3, then there exists a constant C > such that 

(4.9) \\\g\\\i^ > [jLyg, 4,^^3^ > n^m\\\ - C\\g\\\^,^, ■ 

In the estimation on the weighted linearized coUisional operator Xi , we need to consider 
the commutator estimate of the weight and the linearized operator However, we can not 
apply the Proposition l3.13l directlv because the error term then will have the weight of the 
order of 5 + y/2. The purpose of the following proposition is to show that the error term 
coming from this commutator has the weight of order y/2 only. 

Proposition 4.8. For all < s < I, y > -3, and for any I > 0, there exists a positive 
constant C such that 

(4.10) iWi£ig, W,g),2^^,^ > ^|||W,^|||^^ - C\\W,g\\l,^^^^,^. 

Moreover, for any y6 e N \ {0), one has 

(Widfi£iig),w,di}g)L2^^.y > "I^wiwidf^giwl - cwwid^gwl, , 

Z '^ 7/2*- ^'' 

- c( ^ \\\w,d^,g\U^)\\\w,d^g\U^. 

Proof According to ( |4.9l l, it is enough to show that 

\m,,£i]g,W,g)LA<Cs\\W,g\\l2 +^IIW'z^ll^2 , 

7/2 s+r/2 
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where 6 > can be arbitrarily small. By using the above expression, one has 
(W,£ig,W,gh2 = - jjjb(i>,{(p'y'^g' - Qi,y'^g)fil'^W,W,gdv,dcrdv 

= 1/2 fffb<:>y{(fiy'^w;g' - (ij^y'^wigfdv.dcrdv 

- jJjb%{(tiy'^g'(W, - WDYf-Wigdv^dcrdv 



= (XiW^),(W,g))r-+/, 
where 



/ 



muJ:i\g, w,g)L2 = - \\\b%(ii:)'^^g'^xll^w,g{w, - w;)dv.diTdv. 



Changing variables yields 

/ = - fff b<i>y(iJ,)^'^gfil^^'w;g'(W; - Wi)dv,dcrdv. 
Adding the above two equations gives 

2/ = - ^^( b%{^i,)^'^g^ll'^' giW, - Wifdv,da-dv. 
Then, by using the Cauchy-Schwarz inequality with respect to full variables, we find 



|/| < nTfe<I>y(A'.)'^V(W; - Wifdv^dadv. 



When l>\, since 

\2 j„ ^ I.. .. \2sr , .. ^ , , ,. ^t2/-2.s 



Jss- 



b (W; - WiYdcr <\v- v,r'[< v> + <v,>Y 






by using Section |2] we have 



|/| < WigWl, . 

7/2 



When < Z < 1, by ( |3?8] l, we have 

r b |W; - WiUcr < < V >2«i--')< V. >2'(i--') iv - v.|2^ 



Jss^ 
Consider 



JJj\v\<R JJJlvl; 



/= (I + =/l+/2. 

/|l'|<« JJJ\v\>R 

It is obvious that for any fixed R, 

|/il < WigWl, . 

r/2 
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For h, we split 

h^ {{ { + {{ { =/2,l+/2,2, 

JJ\v\>R JflK'-i',|<i|i'| Jj\v\>R Jfl|i'-i'.|>||ii 

which are the singular part and the non-singular part respectively. For the singular part /2,i , 
note that 



I Mcos 0)\W[ - Wilder <\v- v.p < v >^ 

■Je\v-v.\<l,\v\ 



< Iv - v,P" < V >2'"2-'< < V >2'< V, >2"; 



while for the non singular part /2,2, one has 



f 

■Je\v-v,\>\ 






Therefore, we have 

h,x < WigWl. 

and 

-2s 



By taking R large enough, we complete the proof of ( |4.10t . 

Now we turn to the derivatives in v variable. For/? e N-' \ {0), we have 

dfitiig) = -Ci(d/jg) + ^ Cp^^p-T{dp,ji, dp^g, %yu). 

fii<J3 

By ( 14.10b . we have 

(WidisXiig), Widpg) = (WiJiiidpg), Widpg) + ^ C|3,,p,(w,n^p,^l,^p,g,^p,^l), Widpg) 

y8l</3 

>Y\\\Widf,g\\\l^-c\\Wid/,gh2^^ + n, 

where 

^^ = 2j '^l3ifi2i^l'T'i^fi^^i,^fi^g,^|i,n)■, Widpg). 

Recall that the operator T shares the same commutator properties as F. As in the proofs 
given in Section|2l the linearized operator 7"(5/J2/i, d/s,g, dp^ji) satisfies 

\(W{n^p,^i,^p,g.^p,^i)■w,^pg)\ < \\\Widp,g\u^\\\w,dpg\u^. 

Hence 

|//|<(Xilll^'^/^.^llk)lll^'^/^^llK- 

This completes the proof of the proposition. n 

5. Local EXISTENCE 

In the following two subsections, we prove Theorem 11.31 and the local existence of 
solutions in the function space considered in Theorem ! 1.41 
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5.1. Classical solutions. We now proceed to the proof of Theorem ll.3l The restriction of 
soft potential y + 2s <Q will play an important role. 

Consider the following Cauchy problem for a linear Boltzmann equation with a given 
function /, 

(5.1) d,g + V ■ V,,g + £ig = r(/, g) - X2/, g\t=o = go , 

which is equivalent to the problem: 

drG + V ■ V,G = Q{F, G), G|,=o = Go, 

with F - fj. + -\/jJf and G - fi + yfjlg. The proof is based on energy estimates in the 
functional space "Kf (R*"). 

For N>6J>N and a,/3 e N^ \a\ + \/3\<N, taking 

<f{t,x,v) = i-lp^^^d;wl^^^d"^git,x,v), 

as a test function for equation ( 15. Il l, we get 

where we have used the fact that 
We have immediately 

|(^f-l8| [5^ . V] ■ V,,^, Wf-^i 5^42(^6)1 ^ ll/lk«(R'5)ll^ll«,«(R'>)- 

By Proposition l4.5l one has 

Now by using ( |4.4| i with / = yU, we have 

Applying Proposition |4|6] we get for any la] + ^| < A^, 



^ ll/ll'W,"(R'*) ll^lls«(R6) + ll/llsfCRO) ll^ll««(R<>)ll^ll®^'(R<>) 

+ ll^ll«A'(I.6) + ll/ll««(R'') ll^lls^'CR'i) + ^ll^lls«(R6)- 

By using now the coercivity estimate from Section |2] and Lemma 14.11 and by taking 
summation over \/3\ < N, the Cauchy-Schwarz inequality and soft potential assumption 
imply that 

2 ^70 2 f 2 

(5.2) ^ll^llw«(R6) + y ll^lls«(R6) < C{||/||.w«(R6) llglls«(j,.) 

In conclusion, we are ready to prove the following proposition. 
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Proposition 5.1. Assume that < i < 1, 7 > -3 and let N > 6,{ > N. Suppose that 
goe'Hf(R^)and 

f e L°°([0,T]; 'H^(R'')))f^L^([0,T]; Sf(R^)). 

Ifg e L°='([0, T]; 'H^iR^)) f] L^ilO, T]; Sf (»*>)) is a solution of the Cauchy problem ( |5?T] ), 
then there exists eg > such that if 

^ ' I'-' "L"([0,7-];'H?'(R<i)) + H-' llL2([0,7-];Sf (R-i)) " ^0' 

we have 

(5.4) ll^lli»([o,r];«?'(R'S)) + \\s\\ln^a,n,s1(.wfi)) - '^^^^(H^oH^w^cro) + ^^)' 

for a constant C > depending only on N and {. 

Proof. From ( 15.21 ). we have, for t €]0, T{, 



+ 






Then 



w 9 ("" T 

"■^"L~([0,7-];'W?'(R<i)) "*" Y"'^"l2([0,7-];S^(R'>)) " ^ "^""-H ?'(»<') 
+ Ce {ll/llL'»([0,r];'K?'(Rf')) ll^llL2([0,7-];S?'(R<i)) 
+ ll^llL'»([0,r];'H?'(R<')) "-^ "l2([0,7-];S^(R0)) "*" "-^ "L'»([0,r];«?'(Rf'))J ' 

Hence, if we choose 

Ce eo < — , Ce eg < -, 
then ( 15. 3b implies that 

2"'^"L°°([0,7-];'H?'(R'i)) 4~"'^"L2([0,r];S?'(R'i)) 

And this completes the proof of the proposition. n 

From the energy estimate ( I5.4l i. one can deduce the local existence as in Q, and we 
have proved the following precise version of Theorem ll.3l 



Theorem 5.2. Under the assumptions of Theorem 17.31 let N > 6,{ > N. There exist 
ei , r > such that if go e 'H^iR^) and 

ll^oll'H«(R'.) < ei , 

then the Cauchy problem ( ll.3l l admits a solution 

g e L°°([0, T]; "Kf (R*')) n L^([0, T]; S^(R^)). 

Remark 5.3. By using the Proposition 14. 71 we can get the same results as Theorem \5.2\ if 
we replace 'T/f (R''),Sf (R^) ^y <H^(R*),sf (R^) respectively In other words, Theorem 
\L3\ holds also in the function space 7Y ^ (R ). 
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5.2. L^-solutions. Under some more restrictive conditions on the parameters -y and s, we 
can prove local existence of solutions with only differentiation in the x variable. That is, we 
will deduce the energy estimate for the equation ( 15.11 ) in the function space H^iR^; L^(R^)). 
FotN >3 andjS eM^,\/3\<N, by taking 

as a test function on R^ x Rj, we get 

where we have used the fact that (v ■ V^/^gj, fflg] ^ ^ ~ ^ ■ 

Applying now Proposition |4.3l Proposition |43] we get for any N > 3 and \p\ < N, 

^ II/IIh«(RJ;L2(R;)) II^IUA'(Rf.) + ll/IU^CR") ll5ll/f"(Rj;L2(R;))II^IU''(R<>) 

+ ll^ll/flV(R3.^2(R3)) + ll/ll/fA'(R3;L2(Rj)) II^IU^CR") + II^IIh«(R:J;L2(RJ))II^IU«(R'*) ■ 

By using now the coercivity estimate ( I4.2l i. and by taking summation over \/3\ < N, the 
Cauchy-Schwarz inequality leads to 

+ lellH«(R3;L2(R3)) ll/IU^CR") "'' II^IIh"(R5;L2(R;)) "*" H-' IIh''(RJ;L2(R5)) J ' 

We are now ready to prove the following 



Proposition 5.4. Under the assumptions ofTheorem\L^ let N > 3, go e ^''(R^; ^^fl^v)) 

and 

f e L°='([0, T]; H^(R]; L\rI))) Q L^([0, T]; P<^(R^)). 

Ifg e L"'([0,r]; H'^(Rl;L\Rl)))f]L^([0,T]; <Y^(R<')) is a solution of the Cauchy prob- 
lem ( 15.11 ), then there exists eo > such that if 

(5.6) II/IIl~([0,7-];H"(R5;L2(RJ))) "*" H-' '^^([O.r]; ^«(R<i)) - ^' 

we have 

(5.7) ll^llL~([0,r];H«(R3;L2(R3))) + WsWiiqaj^x^fRf-)) - ^^ y^8o\\fjN(g_3.j2(^3-,) + e^Tj, 
for a constant C > depending only on N . 

Proof. From ( 15.51 ), we have, for t e]0, T[, 

r' 

ll5(0ll^«(RB.^2(R3)) + ye^' J^ e-^'\\g(s)\\l,^^,^ds < e^^||gollH«(M3.^2(R3)) 
+ Ce'^^l I e-^"||/(i)||««(R3.^2(R3)) ||g(s)||^«(K6)^s 

+ J^ ^"^'II^(^)IIh«(R?;L2(R;)) ll/(^)ll^«(Rn«'^ + J^ ^"^■'II/(^)IIhA'(R?;L2(R;))«'4 " 
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Then 



ll^ll' 



L~([0,r];/f'V(Rj;L2(Rj))) 2 



''L-(lO,T];X'^(Bj'y) 



^ e Il^0ll^«(,j3.^2(ll3)) 



•CeC^{ll/ll 



L"([0,r];H" 



RJ))) ll'?ll£2([0,7-];Ar"(R0)) 



+ ll^llLc„([0,r];H«(R^-;L2(R;'))) H-' llL2([0,r];^"(R'>)) "*" -^ '!■' 'lL"([0,7'];H"(Rj;i^(Rv)))l ' 

By choosing T small as in Proposition 15.11 we complete the proof. 



As in [7 1, the energy estimate ( 15.71) yields 

Theorem 5.5. Under the assumptions of Theorem \1.4\ for N > 3, there exist e\, T > 
such that if go e H^i^l; L^(R^)) and 

II5oIIh"(R5;L2(R3)) ^ fl > 

then the Cauchy problem ( 11.31 ) admits a solution 

g e L°°([0, T]; H^(RI;L^(RI))) n L^([0, T]; X^(R^)). 

6. Global solutions 

We are now ready to prove the global existence of weak and classical solutions in the 
following two subsections. 

6.1. L^-solutions. We now conclude for the global existence issue in Theorem 1 1 .41 We 
already gave the macro-micro decomposition of solutions introduced in ||201 : 

g^Pg + (I-P)g^gl+ g2, 

gi = (a + v b+\vf'c)^^, J{.-{a,b,c). 



Notice that 






ll,?lll„WflB.3.,2nB3rt + 'I'?2II^JV(]r3.^2(ii3)-, 



The temporal energy functional and dissipation integral of solutions are defined by 

~ II-^IIh'V(R3) + II.?2II//A'(r3.;L2(r3)), 
On = II^.V^lll/f«-l(R3.^2(R3)) + ll^2lU,V(R6) 

respectively. Let g = g(t, x, v) be a solution to 

(6.1) g, + v'v^g + x.g = r{g,g), g\,=Q^go- 

We start with the macroscopic energy estimate. It is well-known that the macroscopic 
component gi -Vg ~ J[- (a,b,c), satisfies the following set of equations 



l|V.^|| 



H^-HR^) ' 



11^2 



(6.2) 



where 






Vj;C = -d,rc + lc+ he, 

d,c + dibi - -dtri + li + hi, 

dibj + djbi = -d,rij + Uj + hij, i + f 

d,bi + dia = -d,rhi + hi + hhi, 

d,a - -d,ra + la + ha. 



r = (g2, e)i 



l = -(v-V^g2+X.g2,e)i2, 



h = (^(g,g),e)^2^^2y 



GLOBAL EXISTENCE FOR SOFT POTENTIAL 53 

Stand for re,- ■ ■ , ha, while 

. e span{v,|v-|V'/^vfA<'^^ v,vvy^'^^ v,^>/^^'/2). 

Lemma 6.1. Assume N >3 and let d" - d", a e N"', \a\ < N. Then, 

\\d"^ IIl2(rJ) ^ II^a-^IIh''-1(R?)II-^IIh"-'(R')- 
Proof. Firstly, one has, for \a\ - 

Also for Iffl = 1, we have 

\\d:H\2^j,,^ < ||y[C?y[|li2(B.3) < ||^IL»(R3)||V,^||i2(R3) 

< \m\H^-'(,Rl)\\^xMLHRl), 

and for 2 < la] < A^, 

< 2_^\\d,:H\\[^^(^iy\\d^r y[||£2(R3) < ||y[||^«-l(R3)||Vj.J?[||^«-l(u3). 

This completes the proof of the lemma. n 

Lemma 6.2. Assume y > -3, N >3. Let d° - d", di - d^^, |q;| < A^ - 1. Then, one has 

(6.3) l|5,5V|b(R3) + ||5''/|b(R3) < llgzlUA-fRf.) = Au 

(6.4) \\d"h\y^^.) < ||V,^||„«-2(r3)||^||^«-,(r3) 

+ II-^IIh«-1(R?)II^2||;v«(R'') + II^2|Ih«(M3;L2(M3))||^2IU«(R6) = A2. 

Proof. (I6.3l l follows from 

||5/5"r ||^2(r3) = ll(5/5"'g2,e)^2(R3)||i2(ij.3) = \\{W''^did"g2,We):i(^iy\\^n^i.) 
< II P;5"'52|Iz,2^^^JIl2(r5) ^ IIVg2lUA'-i(R<i), 
and 

ir/||i2 < ||(H^-'V,5"g2,H^Ve)i2(j,3)|b(j,3) + ||(W-'5''g2, Wre)^2(R3)||^2(j,3) 

< IIVx5"^2|Il2^^^^(r6) + Wd^giWii^^^ftfi) ^ ll^2lU«(R6). 

Here, we have used (I4.5l l. 

We prove ( |6.4t as follows. Firstly, set 

//(/,^) = (r(/,g),e)^2(R3) 

= rrr /7(cos6»)|v - v,V f,g{{n^^^)y - nl^^e)dvdv,da- 

= ^Mcos0)|y - v.r(//'/V).(A''^'^)(?(v') - q{v))dvdv,dcr, 

where q(y) is a polynomial. Of course, h - H(g, g). We now write the Taylor expansion of 
the second order of the function ^(v) as 

1 r^ 

q(v) - q(v') = (V^)(y) ■ (v' ' ^') + 2 J ^'^(^' + ^^'' ' '''^'^^^''' ' ''^^ ' 
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Setting k = ttItT' we recall 



l"-v.l' 



v' - V = i|v - v.\{cr - (a- ■ k)k) + i((cr ■ k) - l)(v - v.). 



2 
and notice that by virtue of the symmetry 



fss 
Therefore, we have 



r b(o- ■ k)(cr - (a- ■ k)k)do- = 0. 

*J SS- 



H(f,g) = ^ JJ(fi"^f)(M''^gUv - v.rf J b(cos0)(cos6- l)dcr)(Vq)(v) ■ (v - v.,)dvdv, 

+ ^ [ { [[[(M^'^Mf^^'^gUv - v.r^Ccos 0)V2^(v + t(v' - v')dT(v' - vf do-dvdv,)dT 

= Hi(f,g) + H2(f,g). 

For Hi, clearly, the integral in cr is bounded for < .? < 1. By the Cauchy-Schwarz 
inequality, since y + 1 > -3, 

\Hi(f,g)\ < JJ(\Vq(v)\fi''y\)(jx'/\\Uv-v,r'dvdv, 

< ff d"(M"'\fW\\)y'> - vr'dv^dv 

< ( ^^{^'^\\\^i'|'\v-v^y^'dvJ^)"\ ^^{^i'^\f\')^J'|\'-v^y^'dvJ^)"^ 

for any I, m € R. Similarly, y + 2 > -3 implies, 

\H2(f,g)\ < ^^^b{co^e)e\^i'^^\f\){^i'|\\)Av-vA^>'^\\^h{v)\ + \v^q{v')\)dadvdv. 

Combining these two estimates yields 

(6.5) mf,g)\<\\f\\L](^J\g\\Ll9iy 

Now h is computed as follows. 

h^H(g,g)^ ^ H(gi,gj)^ 2 i/C 



f(U) 

U=I,2 U=l,2 



Firstly, we have 

where tpit e N. Applying (I6.5l l for / = m = 0, we get by virtue of Lemma 16.11 and for 
lal < A' - 1 that 
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while taking I, m to be or s + y/2 in (16.5b and by the Leibniz rule and by (14.5b . 

0'1+Q'2=0' 



a\ +fy-)— ty 



Now the proof of Lemma l6^ is completed. 

Next, we shall prove 
Lemma 6.3. Assume y > -3. Let lo-l < A^ - 1. Then, 

(6.6) WV.d^ml^^^.) < -^{(5V,V,5"(fl, -b, c))i.(K3) + (d"b, V,5''fl)i.(R3)} 

+ ll^2ll^A.(j;6) + II^2|Ih«(R5;L2(R;))^A'- 

Proof, (a) Estimate of V ^d^a. Let Ai , A2 be as in Lemma l6^ From ( 16.2b . 

= (5"-(-5,/7 -d,r + l + h), V,5"fl)^2(R3) 
<i?i+C,(A2+A2) + ,7l|V,5''a||^,(g,j. 
Here, 

^1 = -(5"5,fe + 5"5,r, V,5"fl)i2(j,3) 

= -|(5"(fe + r), V,5«fl)^2(R3) + (V^d'^ib + r), 5,5"'fl)^2(j,3) 

< -j/d"(b + r), V,5«fl)^2(j,3) + C,(||V,5"^||2,^^3j + A?) + 77||5,5"fl||2,^j^3j. 

(b) Estimate of V,,d"b. From dO , 

A,d"bi + dfa^bi = 2 djd"(djbi + dibj) + d^d^iidM - J] dibj) 

= did"(-d,r + l + h), 
W'^-^bWlnwi) + II^'^"^IIl2(r?) = -(A.5''^,' + 5f5''&,,5''Z7)i2(R3) ^R2+Ri +R4, 
where 

< J^(^"r,^i^"bh^^^.^ + C,A\ + 4\d,d"b\\l,^^^^, 
R, = -(d"l,did"b)^2^^^^ < C,A\ + 77||5;5«^||^,^j^3), 
R, = -{Sfh,did''b\2(^.^ < C,Al + rj\\did"b\\l,^^,y 

(c) Estimate of V^d^c. From ( 16. 2b , 

l|V-'5"c||^,(j^3) = (V,5"c, V,-5''c)i2(R3) = (5"(-5,r + Z + h), V,5''c)^2(r3) 
<7;5+C,(A2+a2) + ,7||V,5«c||2,^^3^, 



Rs = -(5«5,r, V,5V)^.(j,3) = -1(5V, V,5V)^2(R3) + (V,5V, 5,5^)^2(^3) 
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where 

dt 

(d) Estimate of did"(a, b, c). 

= ||5''P( - V ■ V,g - £g + r(g,^))|li2(R.^,) = ||5"P(v ■ V,g)||^.(j,.„) 

< ||V,5'':?l||^2(R3) + ||V,5"P(yw-'w^2)llL2(R6„) 

< ||V,5"(fl,fe,c)||^.(K3) + ||V,5"g2llLj^^,^(Ri„). 

By combining the above estimates and taking 77 > sufficiently small, we deduce 



A\+Al+Tj\\V,,cfg2\y^^^^^^l^,y 



Finally, by choosing lal < A^ - 1, and using Lemma |6^ we obtain 

Al+Al + 77l|V^5"g2ll^2^^^^(R6^) < i^NWgWHHRlmRl)) + '?II^II^''(R3)' 

which completes the proof of Lemma |63] n 



We now turn to the estimation on the microscopic component g2 in the function space 
H'^iRl; L^(R5)). Actually, we shall establish 



Lemma 6.4. Under the assumptions ofTheorem \1.4\ for N > 3, 

(6.7) jSm + ll^2ll^«(R.) < &'J'Dm. 

Proof. We apply d" to ( 16.1b and take the L^(R^) inner product with d"g. Since the inner 
product including v ■ W^g vanishes by integration by parts, we get 

(6.8) 5 |ll^"^ll^ + ^^^"^' ^"8)lHr") = (d^ng, gl ^:g)L2^^.y 
In view of Section|2], we have, for all y > -3, 

2 i-Cd^g, d^gh^tt^^ > 770 Y, f |||5'J(I - P)g\fdx = 77ollg2ll^«(R.), 

\a\<N \a\<N ^^i 

while we shall show below that for la] < N, N > 3, 

(6.9) lid-^ig, g), 5:J^)l2(r6)| < S^Dn. 

Lemma l64l can then be concluded by plugging these two estimates into ( 16.81 ). 
Proof of (IIS: Write 

(5^r(g,g),5^g)^2(j,.) = y" + y'2 + y2i ^ _,22^ 
7'^ = (5^r(^,-,^,),5^g2)L2(R^). 

Estimation of 7". We shall estimate 

''1 ' {d'i'ji)(d7^)(r(n,<Pn^,d:g2)L2(m)d^. 
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Firstly, for any function 4>,4' ^ N, set 

^i ^ {T{<i,,xij\h)mm- 

We shall prove that for y > -3, 

(6.10) 1^1 1 < ||/t|li2(K3), 

holds for any m e R. 
Proof of (16.101 1. Notice that 

^Fi = \\\ b{coiie)\v - v.|>'Ou,)'^2((0.)V - (l>,iff)h dvdv,do- 

= \\\ b{coiie)\v - v,V{ii,f^^{ii,y^\ii)^l'^{q'/ - q,r) hdvdv.dcr, 

where q = q(v) and r - r{v) are some polynomials. First, write 

qy - q»r = {q'^ - q^)(r' - r) + {q[ - q,)r + q^r' -r) ^81+82+83, 
and make a decomposition 



-=s/// 



bicose)\v - v,mp,y^\ii,y'\ny'^ 5,- hdvdv,dcr 



= >P[ +'^\ + '¥\. 



Since 15 1| < R\{y,Vt)\v - v,p0^ where R\{y,v,) is apolynomialof v, v», it holds that 
l*I'll< {{\v-v,r\ f ^b{cos0)e^d(r]{fi,y'HM*y'\f^y'^\Ri(v,v,)\\h\dvdv, 

< j{vy^y"\h\dv<\\h\\^^^^j,,^, 

for any m € R. 

On the other hand, the Taylor expansion of the second order gives 

1 r' 

^(vO - q{v,) = (V^)(v,) ■ (v-: - V.) + - V^qiv, + riv', - v,))dT{v: - v.f . 

^ Jo 



Since 

-1 



I r V^q(v, + t(v: - v,))dT(v: - vM < \R2(v, v,)\\v - v,\^6\ 
' Jo ' 

where R2 is a polynomial of v, v», by symmetry, we have 

for any m e R. 

The estimation on Tj can be carried out exactly in the same way to have 

I*!'?! < jiivy^' + {vy^^V%\dv < 11/^1^2(^3), 

for any m e R. This completes the proof of (I6.10I I. 
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Take m ^ s + y/2 in ( 16.101 ) and use ( |431) to obtain |^i| < \\\h\\\. Set h = d"g2. Now by 
the Sobolev embedding theorem, for o-i + q'2 = a, 1 < lal < A^, we have 



\\d7ML-\\d7Mi}Mg2\\x\v.^) ^ ll^lkllV.^II/,«-.||g2lUA'(R6), lail < A^ - 2, 



< 



\K'Mo}\d7^\\Lf\\d1g2\\x\M<') ^ I|V.^|Ih«-.|I^IIh«II^2IU«(r6), lazl < 1, 



and for \a\ + a2\ - 0, we have 

\^?\\\g2\\\dx<\\mLm\\[}\\g2\\x«in^) 



< \\^xmii\myM2\\x^in<') ^ ^fi^N. 



Estimation of y'^: First, notice 

7'2 ~ r {d7m)(T{ipk,d7g2),d:g2):.(^.)dx. 
For some (f) e N, set 

>i'2 = (r(0,g),/!k2(K3). 

By virtue of Theorem ll.2l we get 

\'i'2\ < (ll0llLi,,,(R3) lll^lll<t, + lll<^lll<t, \\g\\Ll^„(R^) 

+ min{||0|b(R3)||g||^2^^^^(R3), llgllL2|l'^llL2^^^,(R3)))|p|||(t, 
< (lll^lllo, + llglb^ (R3)) IPIIIo, < insula,, ll|/i||lo,, 



!+r/2 

where we have chosen the first factor in the min term 
Now we have 



|y'2| < p«.y[| \\\dT-g2\\\^^ mg2\U,dx 

Jr3 

I P^'^IIl? i, ll|5?^2llK \\Kg2\U,dx < m\Hm')\\g2\\l.(^.y \ai\<N-2, 

~ I II \\\d7g2\U, WlT 1,3 \d7Jl\ \mg2\U,dx < ||J?l||H«(R3)||g2ll^«(R.), Ia2l < 1. 

Estimation of 7^': A similar argument applies to 

7^1 ~ f (d7^)(nd7g2,'Pk),ff:g2)L^^M.l)dx. 

In fact, for cf) e N, set 

*P3 = (r(/,0),/i). 

Again by virtue of Theorem ll.2l and taking the second factor in the min term, (I4.5l l gives 

l^fsl < lll/lllo, ll|/i||lo,. 
Thus, proceeding as for 7'^ yields 

I-/ I ^ ll-?l|b«(R3)ll§2ll;f«(R6)- 
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Estimation on fi^: It follows from the Leibniz rule that 

\J^^\ < J|(r(5^'g2,C??^2),5^^2)L2(M3)|«fx. 

Different from the above, we now use Theorem I 1.21 and ( 14.51 ) in the following way. 

l(r(/,g),/ik.(R_,)| < (ll/lli^^^,^(M3) iii^iiio, + lll/llla., \\g\h^^,,m 

+ min{||/|b(R3)||^||^2^^^^(j,3), llglbll/llz.2^^^^(M3)})|p|||o, 

^ {}\f\\L\m\\\s\\\% + Ill/Ilk \\8\y9?))mUr 

This is valid for the assumptions imposed on y and s from Theorem ll.4l Then, 

Suppose Iffil < N -2. Then, by the Sobolev embedding theorem, 

\J^^\ < WdVgih-'iRimn)) r \\\d?82\U, m^giWh^dx 

Jr3 

+ II iii5:'g2iii<i., iil»(r3) r ii5?g2iiL2(Rj) m:g2\u,dx 

Jr3 

9 1/2 

Similarly, when lail > N -2 then |a'2l ^ 1, we get 

l-/''l 5 P?^2llLnL;) r lll5:'^2lllo, ll|5:g2lllo/x 

Jk3 

+ II ll|5?^2lllo, Wlt f \\d782\\[2^ ll|5?g2lllo/x 



Now, combining the above estimates yields the estimate ( 16.91 ) and this completes the 
proof of the Lemma|631 n 

Taking a suitable linear combination of ( 16.61 ) and ( 16.7b gives the 

Proposition 6.5. (Global Energy Estimate without Weight) Under the assumptions of 
Theorem U .4\ for N > 3, there exists a constant C > such that 

d 



—&N + 'Dn ^ C£^ Div 
dt 



holds as far as g exists. 



This proposition assures that a usual continuation argument of local solutions can be 
carried out under the smallness assumption of initial data. Thus, we established the exis- 
tence of global solutions in the space //'^(R-J; L^(R^)). 

6.2. Classical solutions. We now turn to the energy estimates involving also v derivatives 
of solutions. To close this type of energy estimate, we then need to use the weighted norms 
in the v variable, cf. also Guo |fT9]| , with the weight function W. Recall that we assume 
s + yl2< 0. Set 

9 9 9 9 9 

&N,e = £iV + II^II^A.(jj6) ~ II^iIIk'^(R6) + ll^ll;^A.(R6) ~ II-^IIh^CR^, + ll^2ll^A.(R6)' 

DN,t = Dn + ll^2ll|„(^,j ~ W^glW-n^-HV?) + ll^2ll|„(j,,, ~ l|V^-y[||H«-.(R3) + Ilg2ll|„(j.,j. 
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Recall 

d"p^d1dP,, \a\ + \l3\<N, /3*0, N>6, 

and apply Wi-\j3\dg to ( 16.1b to get 

^Wc-v^\d;r(g, g) + [v V,, We-\fi\d;]g2 - w,-md"^[P, v ■ v]g 

+ Uu W(-V3\d"p]g2 - Wc-widp-Ciigi). 
Then take the L^(R^) inner product with W(-\/s\d'ig2 to get 

(6-11) ~\\Wr-v}iff;g2\\l.^^.^+D<K. 

Here, D is a dissipation rate given by 

D = (Xi(W(-if^id"^g2), Wt-md;g2)L2(m. 

Due to the coercivity inequality from Section|2] which holds true for -y > -3, we get 



D>7^o f 111(1 -P)tVf_ts|5|g2lll'«'x 



> //oil \m-md;g2\\\ 11^,(^3) - c ii5"g2ii^.^^^^(ji.), 

where we have used, with t// e N and m e N, 

WWe-md;g2\f = |||5^(^,W,_^,£?^g2)L2(R3)^|||2 

= U,W-"'d:g2)[2.\ m\f < WMl^^^^^^e^y 

Note that we will use the above estimate later by choosing m - -\s + yl2\. On the other 
hand, K is given by 

K ^iWt-^\d"pT{g, g), Wf-^\d"pg2)L\M.'') + (\y ■ Vx, We-yiid'^]g2, We-\fiid'^g2)L'(R<') 

- (Wf_t8|5|[P, V ■ V]g, We-\i^id'^g2)L\R^) + (l-Cu We-\p\d''p\g2, We-\p\d''pg2)L\vJ') 

- i^e-\p\d"pj:2{g2), Wf-ls|5|g2)L2(R") 

^Ky +K2+K3+K4 + K5. 
(I) Estimation of Ki : First, we show that 

(6.12) \Ki\<&ll^^DN,e. 

For the proof, write 

2 

^1 = Yj^We-v\d"^rig!,gj),Wf-^i,^d;g2)L2m 

= A'lii +^^112 + ^121 + ^122- 

(1) Estimation on Km: Proceeding as in the computation for ^'i in ( I6.IOI 1. we get for 

r > -3, 

\iW(^m^ll^(fk,<Pm),Wl-]fi\d/3g2)L2fTg3^\ < l|W^f-^|5/jg2llL2(R5), 
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which leads to 



^111- 2 [ m'^)(d7Mm-v\d"fig2h2(t,,^dx 
< ^ \\{d:'mdT-M\L^m\\82\\s^(. 



^ (R6) 



< ||J?1|Ih«(I|VxJ?1||^«-, + ll^2ll|«(^.)) < 4!?^M^ 
Here, we used that for ai = a'2 = 0, 

II(^)'IIl2(rJ) 5 II^IIl3(r^)II^IIlhr^) ^ II^IIh>(rJ)IIV^IIl2(r3). 

(2) Estimation on Kni- Since gi ~ yii^, Proposition l4.7l imphes 



0'|+0'2=fl' fl'l+Q'2=0' 

/S|+/32</3 /3l+/32</3 



1^1121 ^ Zi I , lll^^-W^A^lllll'r lll^f-^I^A^2llll'r lll^f-l8l'5^^2lllo,af^ 
/;,+/32</3 



We have, for lai I < N 12 



Li\2 ^ii^^'^iil-cr^) \\\w'-^%igi\\w, mt-^\d],g2\\w^dx 



< ||5"'^||«3/2«(R3) ||g2ll|„(j.,, < II^IIh«(r3) ll^2ll|„(^,j; 



while for \a2\ < Nil 



^72 ^11 m'~^%i82\\\% Wi-m /, 15"' ^1 \m-mdl82\u,dx 



Consequently, 

(3) Estimation on Km: As for Km, we get 



i^i2ii< Yj \ \d"'n\m-^\di\g2\u,mt-^\d''f,g2\\w,dx 



.1/2. 

-'n,c' 
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(4) Estimation on ^122: We shall re-use (14.61) in the form, 

1^122! mWe-\p\d"pT{g2, gi), W[-\p\d"pg2)LH-R'^)\ 

< Yj \Wc-ndlind"'g2,d"'-g2),We-nd}g2)LHM.^)\ 

Q'l4-Q'2=Q' 

< X r(ii^^-i8i'5;;^2ii,^^^^^(R3)iiiiv,_t8|5;^g2iiio, 

a\+a2—a ^^ 



+ |||W',_l8|5;;g2lll<Dj|l^f_i8|5;^^2lb^^^^(R3))|||W^^-t3|5;3^2lllo,«f^ 

< Y. \ {^W''^%\g2\ym\W'-^%lgi\K 

+ ll|H''"^''5;>2llloJ|M^'"^^'5;^^g2lb(R3))|||W',_^|5^g2llla.,a'x. 
Suppose lo-il < A^ - 2. Then, 

JI^'"^''5;;^2lb(R3)|||W^-^^l5;^^g2llloJI|Wf_i8|5/,g2llla./^ 

< l|W^"^''5;;g2llL"(R3;L2(R3)) r |||W'^-^^l5;^g2lllo, ll|Wf_^3|a^g2lllo,fl'x 

Jr3 

5 ll,?2ll7^'«(R6)llg2llgA.(^6j- 

The case |q;2| :^ 1 can be computed similarly, we finally conclude 

1^1221 < \\g2\\^.,^,j\g2\\l^^^,^<&\i^I)N,, 

and therefore the estimate (I6.12l i holds. 

(II) Estimation of K2: On the other hand, we have, for |a| + \I3\ < N,p i^Q, 

\K2\ =|([V ■ V,, W,_i8|5^]g2, Wc-nd''pg2)LHw4 

<||W^-(^|-l)-l/25fl5e-V2lb(R.)l|1^^-^|-'^^5|g2llL2(R.) 

< Qiir-(^H)-'/25r'c^-'^2ii^.,^.) +^iiH^^-^|-'/^5«g2ii^.(j,., 

^Cm'-^^^-'^dT'cfi'g2\\l, ,^,,+S\\We-^^d''pg2\\l „,, 
^ C, W^-<^'-"5r'^"V2llla., Ili.(«3, +5||^2ll|.(^,,. 

(III) Estimation of ^^3: Again we assume yS + 'dQr\a\ < N - 1. 

\K3\ =|(Wf.t3|5|[P, V ■ V]g, Wf_i8|5|g2)L2(R6) 

< |(5^{w'2(f-^l)5«[P, y ■ V]g},d''g2)LHR^^\ 

^ \\^.d"gA\l.,^.^+5\\W-'^,.d''g2\\l,^^s^^^+6\^^^^^ 

< ||V,5"^||2,^j^3^ + 6\\V_,d"g2\\&^^ + 6\\d"g2\\i^^ 

^ I|Va--^||^A,_,(j,3j +S\\g2\\^N^g6y 

where Dn is the dissipation integral with only x derivatives. 

(IV) Estimation of K4: The main ingredients of the estimation are the commutator 
estimates / and // estabUshed in the proof of Proposition l4.8l that are valid for -y > -3. We 
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re-produce them here. 

|/| = \([w,,j:i]g,w,ghm3y\ < \\w,8\\lyj,y 

\II\^\(W,[dis,£i]8,W,dfi8)LHm 

/S,+J32+0i=J3. 02*0 
/5l+/S2=A/S2#0 

We also need the interpolation inequality 

(6.13) \\W'dph\y^^ < Cs\\W'dy3\-ih\y^^+6\\W'di,h\\H^^^ < Q\\W'd0-ih\y+d\\\W'd^h\U^. 
We shall prove 

(6.14) \K,\ < Q|fcll|„_,,j,,) + 5lfcll|«(j,,,. 
To this end, first, notice that 

K4 = ([Wf-t8|5/J, Z\]d''82,W(-l;j\d'^g2)L\R<') 

= ([Wf-is|, -CiW^82,Wi-^\d'^g2)LHR^) 

+ iWt-\0\[dfj, -Cl]d''g2, W{-\fi\d'^g2)L2(R<') = K41 + K42- 

Then, by virtue of the estimate for |/| and the interpolation inequality (16.131 1. 

\K4i\ < \m-wd;82\\l2^^^^.^ 



,«)) 






1+7/2 

)+'^ll^2l|«(SL^) 



~ ^^ll'?2ll«N-l,„6, + '^ll'?2ll«A.„6x- 



On the other hand, the estimate for |//| leads to 

1^421 ^ Xi r lll^'"^'''^^,^2lllo, \m-\0\d;82\\\dx 

^ ll^2llsA'-l(R6)ll^2llsA'(R6) 

This completes the proof of ( 16.14b . 

(V) Estimation ofK^ : Further, by Proposition |4.5| that holds for y > -3, we can proceed 
as in the computation for K41 to obtain 

i^^i < !!;,"»(«.'') w,_i8|5;^g2ii^2(R.) < m-vsid^;g2\\l2^^^^,, 

< Cs\\W'-^^^-'^d"^_,g2\\l2,j,.^+6\\ |||H'f_i8|5^g2lllo, ll^2(R3) 
^ Cs\\g2\\sN-i,„6, + '^II^2|La,,„6,. 
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Conclusion: Plug the above estimates into ( 16.11b to deduce, for \a + 15\ <N,\p\ > 1, 
a' 



(6.15) i.{\\d-g^\y + (d"r, V,5"(fl, -b, c))i.(j,3) + (d"b, V,5'^fl)i2(Rj)) 



+ \ W,_^|5«g2lllo, lli.,j,3) 



^\\d"82\\h ,J^,,+^NP' 



NI 



s+yl 

JZ,f_ 

+ 



W'-'^^-'^dT'dPi'g2\\W^ IIl^(R?) +^ll^2ll|.(M.) +^A 



We can then make a suitable linear combination of (|6.3l l, (l6.7| i. and ( |6.15t to deduce the 
following energy estimate. 

Proposition 6.6. (Global Energy Estimate with Weight) Under the assumptions of 
Theorem\L5\ for N >6J>N, 

holds as far as g exists. 

We can now conclude in a standard way that the global classical solutions exist for small 
initial data in the weighted space 'Kf^, and this completes the proof of Theorem |1.5l 

7. Appendix 

Let us recall that Oy = Iv^. Let be a smooth, positive radial function that takes value 
1 for small value and for large value of |v|. Set <l>f(v) = |v|''0(v). We shall show the 
following 

Lemma 7.1. Assume j > —3. Then, for all integer k, one has 

|D*<1),.(^)| << ^ >-^-^-'', for all ^ e Rl 

Proof. Since Oc is bounded and compactly supported, clearly, for any integer k, |D*<l)c(^)| < 
1 so we can only consider the case when |^| >> 1. 

We first consider the case : -3 < y < 0. We use the fact that the Fourier transform of 
|vr is (up to constant) l^r^"'', see Page 243 of [34|. 

Let tfr - ijj{^) a smooth positive function supported on |^| < 1, and is equal to 1 for on 
1^1 < 1/2. Write 



where 

■^1 = J |^_^^|3+y '^(g - n)4>iri)dil, and 72 = J ^^^^^^ ' "^^^ ' '7)]^('?)«''?- 

For J\, the support is on |^ - 77I < 1. This means that \ri\ > |^| - 1 > c\^\, for some constant 
c and because we have assumed |f | >> 1. Then, we can use the decay of to get, for any 
m positive 

■^'^ r ^^ <''>"'" ^'?^<^>"'" ■ 

J;;,|f-;7l<l \^ - W^ 
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For J2, the integration is over \^ - t]\ > 1/2. So we can replace |^ - 77! by < ^ - ;; > to get 

1 
iv,\^-n\>yi2<^-ri>^ 
Choose m-M + 3+y with M large enough. Then 

1 

I/2<^-"^>'+^ 

Jr,,\ii-n\>\i2 
Thus, we have shown that |Oc(^)| << f >^^^~^, which proves the Lemma in the case when 
k = 0. 

This proof works well for derivatives. For example, consider the case when k - I. First 
note that 



Ji^ { — 5— < rj >-"" drj. 



•Jjl,\i^-Jl\>\l 



^*-(^^ = J |^_^^|3+y ^^(^)^'7 = ^1 + Ki, 



where 



^1 = / |^_^^|3+y 'A(^ - ^)^4>{ri)dil and K2 = J ^^-^^[l - ^(^ - ri)-\^4,{ii)dr^. 



J11 1^ '/I ^17 

7^1 is estimated directly as for J\ , with all the decay. 
For K2, integration by parts gives 

1 



^2 = - rV[ ,^ ;„^J [l - ^(^ - 77)]^('7¥^ 

^^7 



Here, the first term has the good decay in -3 - y - 1, while the second one has all the 
decay. 

We now consider the case y > 0. Of course, for y = 0, the result is clear, because then 
Oc is in S. 

For 2 > y > we have 

|v|V(|v|) = J( - ^^e''^■^)n^l\vV-\{v)){^)d^|{27P) 

= - ^ e''•<^^T.,^^{\vr\{v)){^)d^K2n') , 
which gives 

|5f^(|v|V(|v|))©| = \d"^A^T[\vr\(\v\)){^)\ < Ca{^)-'-^-^"\ , 

by using the previous negative case since y - 2 < 0. The remaining cases are similar and 
this completes the proof of the lemma. n 
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